-

Kingdom of Saudi Arabia
Ministry of Higher education
Umm Al Qura University
Faculty of Applied Sciences
Department of Mathematical Sciences “lm”ml”ml
[

\'.'\.Yunnt\fvci\

(p,q,r)-Generators of Certain Types of Subgroups
of large Orders and their Representations in

Some Finite Simple Groups

A Thesis submitted to the Faculty of the
Applied Sciences at Umm AlQura University
in partial fulfillment of the requirements for the degree of
Master of Science in Mathematics

by

Abeer Abdullah 5. AlGhawazi

Supervised by

Dr. Abdullah A. A. Abduh




Chapter {1)

Introduction and preliminaries

1.1 Introduction

The classification of finite simple groups was declared accomplished in 1955
hrough 1983 by Daniel Gorenstein [14] , though some problems surfaced (specifically in
he classification of quasithin groups, which were plugged in 2004) . As of 2010, work on
mproving the proofs and understanding continues .

A solvable group is a group that can be constructed from abelian groups using
extensions. If S=Sol{G} is the solvable radical of G {which is a product of solvable normal
subgroups of G) then G/S is semi simple . Hence every finite group is an extension of
salvable group by a semi-simple group , but any semi-simple group is a direct product of
simple groups and all finite simple groups are well known. So it is important to study the -
structure of the solvable subgroups of large orders in any finite simple group . Here we
find out the structures and representations of solvable subgroups of large orders in
some non-abelian finite simple groups .
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1.2 Preliminaries

Definition1.2.1. A group is a non empty set .G with a binary operation defined on
it satisfying

(1)¥ g, h,i€G, (gh)i = g(hi) | (associativity)
(2)31eG such that ig=gl=g, Vg €G (identity)
(3)¥g€G, 3g~1 such that gg~l=g"1g=1 {(inverses)

Definition 1.2.2. Let G be a group. We call H a subgroup of G if H is a

" subset of G and is itself a group under the binary operation inherited from
G.

Definition 1.2.3. Llet G and H be groups. A homomorphism from G to H is a
map ¢ : G - H satisfying '

dlgh) = dlg)dlh) Ve heG |

i ¢ is a bijection, then ¢ is an isomorphism. We then also call G and H

isomorphic, and we write G = H.

Definition1.2.4. A subgroup N of a group G is called a normal subgroup if
Ng=2gN (Vg€ G).

Definition1.2.5. A maximal subgroup H of a group G is a proper subgroup, such that
ho proper subgroup K contains H strictly.




Definition1.2.6. A group G is a simple group if it is a nontrivial group (G # {e})
and if its only normal subgroups are the trivial group and G.

Definition1.2.7. The center Z{G) of a group G is the set of elements in
G that commute with every element of G. In other words,
Z(G) ={z€G | zg=gzforall geG}.

Definition1.2.8. The centralizer of an element z of a group G is the set of elements of G
which commute with z : €(2) = {x € G ,xz = zx}.

Definition1.2.9. If x, y € G,we say X is conjugate to y if there exists g € G such
that gy=xg . We call the set of all elements conjugate to x the conjugacy

class of x, denoted CL{x)= xC={gxg~* | g € G} . The conjugacy classes of a
group are disjoint and the union of all the conjugacy classes forms the group.

Definition1.2.10. A group G is called cyclic if there exists an element g in G such that
G=<g>={g" | nisan integer } ,if g" =1 and n is the least the integer with this property
then G is denoted by C,, .

Definition1.2.11. A dihedra! group G is a group generated by-two elements x,y such
that G=(x,y|x? = y" = (xy)" = 1) and |G{=2n.

Definition1.2.12. Suppose G=NHand NN H=1where N2Gand H<G. Then G is

said to be a semidirect product of N and H, N % H (the spiit extension of N by H denoted
byN:H). '
Definition1.2.13.Let G be a group. For any a,b€G , the element a™ b ab is cailed the
commutator of a and b. The commutator subgroup{also called the derived
subgroup,and denoted G’ or GY) of G it is the subgroup generated by all the
commutators. '

Definition1.2.14. If G is a group and X is a set, then a {left) group action of Gon Xis a
function GxX X — X, (g,x) = g.x that satisfies the following two axioms:
Associativity : {gh).x = g.(hx) for all g, h in G and al! x in X. (Here, gh denotes the result of

applying the group operation of G to the elementsgand h.)
Identity : ex = x for all x in X. (Here, e denotes the neutral element of the group G.)
The set X is called a (left) G-set. The group G is said to act on X (on the left).

Definition1.2.15. A finite group is called a p-group if its order is a power of a prime p.

Definition1.2.16. An elementary abelian group is a finite abelian group, where every
nontrivial element has order p, where p is a prime;in particular it is a p-group.

Definition1.2.17. A p-group G is called extra special if its centet Z is cyclic of order p, and
the quotient G/Z is a non-trivial elementary abelian p-group. |
Extra special groups of order p**>" are often denoted by the symbol p™*", For example,
2%2% stands for an extra special group of order 2%, |
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Abstract

The finite simple groups are important because in a certain sense they are the
"basic building blocks" of all finite groups, somewhat similar to the way prime numbers
are the basic building blocks of the integers. The classification of finite simple groups
was declared accomplished in 1955 through 1983 by Daniel Gorenstein [14]. After
announcement on the classification of finite simple groups investigation of known
simple groups becomes one of the most important problem in finite group theory. In
particular, subgroups structure of known finite simple group is of interest. The most
important subgroups are maximal subgroups, maximal soluble subgroups, maximal
nilpotent subgroups, and maximal abelian subgroups. In 2000 Vdovin, E. P. [22]
devoted his work to abelian and nilpotent subgroups of maximal order of finite simple
groups. In 1986 , Mann, A. [19] , founi:i all solvable subgroups of maximal order in
symmetric and alternating groups , and between 2006 to 2012 , Breuer,T., [3] ,
determined the orders of solvable subgroups of maximal orders in sporadic simple
groups and their automorphism groups, using the information in the ATLAS of Finite
Groups [23] and the GAP system, he also determined the structures and the conjugacy
classes of these solvable subgroups in the big group.

The aim of this work is using the information in the ATLAS of Finite Groups {23]
and the GAP computational system, [24], to determine the solvable subgroups of
maximal orders in the finite non-abelian simple group L,{p)=PSL,(p) , the projective
special linear groups of dimension 2x2 on GF{p) , and in the finite non-abelian simple
groups of orders less than 10% . The (p,q,r)-generators , the structures , the character
tables and the permutation representations of these subgroups have been found. Also
in this work we determine the permutation representations of solvable subgroups of
large orders in 20 out of the 26 sporadic simple groups , which have been determined
by Breuer,T., [3] .
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Notations

We follow ATLAS [23] conventions for naming groups, conjugacy classes,
characters and representations.

H=G
HaG

G/H

La{p)=PSL(p)

Un(p)=PSUn{p)

Sn(P)=PSPn(P)
Sz(8)

H is a subgroup of G

H is a normal subgroup of G

Factor group

Isomorphism

Conjugacy class of an element x
Centralizer of an element aina group G
Cyclic group of order p

Dihedral group of order 2n

Symmetric group of degree n
Alternating group of degreen

The semi-direct product of Hand K .
The split extension of H and K

A character

The induced Character from a subgroup S to a group G

The split extension of the cyclic group of order p and the
cyclic group of order g which is isomorphicto €, x4 C,.

The projective special linear group of dimension n over
GF(p)

The projective special unitary group
The projective symplectic group

The Suzuki classical group




M1, Miz, Myz Moz, My,
Jl ’ J2 ’ JS 7 J4

Coq, Co,, Coz

The Mathieu's sporadic finite non-abelian simple groups
The Janko's sporadic finite non-abelian simple groups
The Conway's sporadic finite non-abelian simple groups

Fiys , Fiss, Fisg The Fischer's sporadic finite non-abelian simple groups

HS The Higman-Sims's sporadic finite non-abelian simple
groups

Mcl The McLaughlin's sporadic finite non-abelian simple
groups '

Ru The Rudvalis sporadic finite non-abelian simple group

O'N The O'nan's sporadic finite non-abelian simple group

Suz The Suzuki's sporadic finite non-abelian simple group

He The Held's sporadic finite non-abelian simple group

HN The Harada—Norton's sporadic finite non-abelian simple
group

Ly The Lyon's sporadic finite non-abelian simple group

Th The Thompson's sporadic finite non-abelian simple
group

B The Baby Monistor sporadic finite non-abelian simple
group |

M The Monistor spbradic finite non-abelian simple group

1+2n The extra special group

p" The elementary abelian group

M(S) The maximal subgroup which contains S

Qs The quaternion group { a non-abelian group of order

(p,a,r}-group

eight)

That group G generated by two elements , the first one is of
order p and the second is of order q and their product is of
order r. these two elements can be taken as
represenatatives of conjugacy clases from the character
table of G
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