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Abstract

Coding theory is the study of methods for efficient and accurate transfer of information
from one place to another. In [14], T. Hurley proved that the group ring RG of a group
G of order n over a ring R is isomorphic to a certain ring of n x n matrices over R. This
representation enabled them to describe the unit and zero-divisors of the group ring in terms
of properties of these matrices, and where appropriate in terms of the determinate of the
matrices. Now, the coding matrices were determined for several classes of finite groups such
as cyclic [14], direct product [6], elementary-abelian [14], dihedral groups Ds, [14] and the
general linear groups GL(2,FF) [7]. In this study, we generalize Hurley’s theorem in [14] to
semi-direct product groups and hence, determine the coding matrices of these groups.
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Notations

q q = p*, n >1,nis a positive integer.
F, The field with p elements, p is prime number.
F, The field with ¢ elements.
[ The n-dimensional vector space over [F,.
C The symbol of a code.
(n, k,d)-code The parameters of a code.
wt(c) The weight of a codeword.
d(u,v) The distance between two codewords.
d(C) The minimum distance of the code C.
ct The dual of the code C'.
G Finite group of order n.
RG The group ring with the group G over the ring R.
M(G) The matrix of a group G.
M(RG,a) The RG-matrix corresponds to a group ring element.
M(RG) The ring of an RG-matrices.
M,(R) and R,x, The ring of (n x n) of matrices over R.
S The set of a basis for the submodule.
S| The order of the set S.
G\S The set of elements of G which is not in S.
T A vector in R™ corresponds to x € RG.

IV



Introduction

Claude Shannon [23] initiated the theory of Error-Correcting codes in connection with
problems in information theory and coding theory regarding the search of a reliable and
efficient transfer of digital information. Linear codes gained more attention from the work
of W. Hamming in 1950 [8]. An (n,k,d) code over a field F with ¢ elements should have a
(reasonably) large size in order to encode a large number of source messages and on the other
hand should have a relatively large weight (minimum distance) d for detecting and correcting
large number of errors that may occur while transmission [21]. There are several types of
known codes such as HAMING CODES, HADAMARD CODES, REED-MULLER CODES,
REED SOLOMON CODES, BCH CODES and THE GOLAY CODES ,... etc. [19]. It turns
out that, for error-correcting properties, the most important types of codes are cyclic codes.

The first connection between codes and group rings of finite groups appeared in the
work of F. G. MacWilliams (1969) [17] in which cyclic codes were identified with ideals in
the group algebras of cyclic groups, consequently; two sided ideals in FG are named codes.
Since then the algebraic structure of the group ring has been deeply involved in the study
and constructions of codes. In particular properties of (central) primitive idempotents in the
group algebra of finite groups over finite fields are heavily used in codes construction
2], [5].

In (2006) T. Hurley [14] (starting with a coding matrix of the finite group G based
on an appropriate listing of its elements) proved that the group ring RG of a finite group
of order n over a ring R is isomorphic to certain well-defined ring of matrices and hence
gave a construction of codes from certain elements of the group ring such as units and zero
divisors [11] (his construction was applied to obtain binary codes from the group algebra
F3Do). This allows matrix algebras to be used to produce codes by providing generating
and check matrices for codes. The coding matrices are known for several classes of groups
such as cyclic, elementary-abelian and dihedral groups Do;. In 2018, M. Hamed determined
the coding matrices for the general linear group GL(2,q) using its BN-pair structure [6]
, [7]. It turns out also that the coding matrix of the direct product group is the tensor
(Kronecker) product of the coding matrices of the individual groups in the product deducing
the corresponding known result for finite abelian groups.

The aim of this dissertation is to determine the coding matrix of the semi direct product
group G = C,, x, Cy 5 ¢ : Cy - Aut(C,,) of two cyclic groups in order to generalize the known
result for the dihedral group Dy, [14], which is known to be a semi direct product of the two
cyclic groups C,, Cs.



Chapter 1

Codes; the concept and the main
problem

In this chapter, we define the linear code and the basic concept of codes, then we describe
codes by generating matrices and parity-check matrices. Finally, we explain the main prob-
lem of coding theory. All facts and results in this chapter can be found in [21], [20], [9]
and [10].

1.1 Linear Codes

Let [F, be the finite field of ¢ elements, then F} will be an n-dimensional vector space over
F,. A code C' is defined to be a subset of F" and its elements called a codeword. If ¢ = |C| = 1
the code is called a trivial, If ¢ = 2 a binary code and for ¢ = 3 a ternary code, etc.

Definition 1.1.1. A code C is called linear if it is a subspace of Fy.

If C has dimension k, then we say that C' is an (n,k)-code and n the length of the code
C'. The weight of any non zero codeword, denoted by wit(c), is equal to the number of its
non zero components, i.e.

wt(c) = {e;#0:¢=(c1,09,...,¢,)€C, i=1,2,-- n}|

The minimum weight of the code is the minimum non zero weight of its codewords.
The minimum distance, or simply distance, of a code C', denoted by d(c), is defined to be
the minimum Hamming distance between two distinct codewords of C'. That is,

d(C) = minci,CjEC d(Ci,Cj)

The Hamming distance is a metric function, since it satisfies the three conditions:

1. d(u,v)=04if and only if u=v



2. d(u,v) =d(v,u)
3. d(u,v) <d(u,w) +d(w,v)

For all u,v and w € Fy.

And if C' has minimum distance d, we say that C' is an (n,k,d)-code.The numbers n,k
and d are called the parameters of the linear code.

Note that

1. An (n,k)-code contains ¢* codewords, that is a linear code of dimension k contains
precisely 2% codewords ( Theorem 2.3.13 [10] ).

2. Clear by linear code definition, all linear codes contain the zero codewords, denoted by
0 =000.....0.

3. And clear by linear code definition, a binary code is linear if and only if the sum of
any two codewords is a codeword.

Example 1.1.2. ( page 4 [9], page 29 [10] )

C1 =(00,01,10,11) is a linear (2,2)-code of F3 , Cy = (000,011,101,110) is a linear (3,2)-
code of T and Cs = (00000,01101,10110, 11011) is a linear (5,2)-code of FS.

But Cy = (000,001, 101) is not a linear (3,2)-code, since 001 and 101 are in Cy but 001+101 =
100 s not in Cy.

We have the minimum weight of Cy is 1 because

wt(00) = 0,wt(01) = 1,wt(10) = 1,wt(11) = 2
so the minimum distance of Cy s 1.

The following theorem relates the notion of the weight of a code with the minimum
distance.

Lemma 1.1.3. ( /21], Lemma 4.53.4 and [9], Lemma 5.1 )
If u,v € F', then d(u,v) = wt(u - v).

Theorem 1.1.4. ( [21], Theorem 4.3.5 and [9], Theorem 5.2 )
Let C be a linear code and let wt(C') be the minimum weights of the non zero codewords of
C, then

d(C) =wt(C).

Proof: There exist codewords u,v in C' with u # v, such that d(u,v) = d(C'), then by
lemma above, d(C') = d(u,v) = wt(u —v) > wt(C).
Conversely, for some u € C, wt(C) = wt(u) = wt(u-0) = d(u,0) > d(C), since 0 belongs to
the linear code C, hence d(C) = wt(C).



1.2 Description of Codes

We can describe the linear code by a generator matrix. Since a linear code is a vector space.
and there is another important way of describing it, by a parity-check matrix.

1.2.1 The Generator Matrix of Linear Code

Definition 1.2.1. ( /21] )

Let C be an (n,k)-code and let G be a (k x n)-matriz whose rows are the basis for C, then
G is called a generator matriz for C.

A generator matrix of the form G = (I, A), where I} is the identity matrix of size k x k,
and A is a kx(n-k) matrix, is said to be in standard form. Every linear code has a generator
matrix in standard form.

If G is a generator matrix for an (n, k)-linear code C' and if 7 is a word of length k written
as a row vector, then ¢ = iG is a word in C, since C' is a linear combination of the rows of

G, which form a basis for C.

1 000011
010010 11]. , . .
Example 1.2.2. G = 00101 10]®¢ generator matrix for the binary linear
0001111
(7,4)-code in standard form and this code is called Hamming code. Such that
1 000 011
0100 1 01
L=1g 01 0471 1 0
00 01 1 1 1

This code consists of 2* codewords Z3G, one of these codewords is the following

c=(1 11 0) =(1 11010 0)

OO = O
o~ O O
_ o O O
— = = O
=
—_ O = =

1
0
0
0

A linear code might have more than one generator matrix, because it is vector space,
which is might have more than one basis.

Example 1.2.3. we have binary linear (5,2, 3)-code

00000
01101
G={1 011 0
11011



the possible generator matrixz for Cy is Gy =

—_
= O

1
1

0 1 0110
1JOT%‘@1 1

1 1
0 0

1

1
10110

”G*@_1011)

The following theorem and procedures give us convertible the matrix G to be in standard
form.

Theorem 1.2.4. ( [9], Theorem 5.5 )
Let G be a generator matriz of an (n, k)-code. Then by performing operations of the following
types:

(R1) Permutation of the rows.

(R2) Multiplication of a row by a non-zero scalar.

(R3) Addition of a scalar multiple of one row to another.
(C1) Permutation of the columns.

(C2) Multiplication of any column by a non-zero scalar.

G can be transformed to the standard form
(Ik>A)a
where Iy is the (k x k) identity matriz, and A is a (k x (n—k)) matriz.

We denote by g;; the (i, j)th entry of G and by 71,79, ..., and ¢1, o, ..., ¢, the rows and
columns respectively of this matrix. Suppose then G has already been transformed to

10 0 gy - g

1 0 gy - Gom
00 1 g1 = Giin
00 0 gj - G
00 - 0 grj - Gin

step 1 If g;; # 0, go to step 2. If g;; = 0, and if for some 7 > j, g;; # 0, then interchange r; and
r;. If gi; =0 and g;; = 0 for all ¢ > j, then choose h ; g;, # 0 and interchange ¢; and c.

step 2 we now have g;; # 0. Multiply r; by g;'.

step 3 we now have g;; = 1. For each of i =1,2,......k , with ¢ # j, replace r; by 7; — g;;7;.



The column ¢; now has the desired form.

After this procedure has been applied for j = 1,2,.....,k , the generator matrix will have
standard form.

Consequently, the standard form of a generator matrix for Cj in the (example 1.2.3 ) is:

G = 01 101 . 1 0110
1= 1 0 1 1 0 interchange O 1 1 0 1
a, = 01 101 . 1 1 011 . 1 01 10
27\t 101 1 interchange \ (o 1 1 (0 1 meEmerzyg 11 01
G = 1 01 10 . 1 01 10
5"\1 1011 el 1 0 1)

1.2.2 The Parity-Check Matrix

Definition 1.2.5. Let u = (uyuy....u,) and v = (vivy....v,) be two vectors in F7, then the
inner product u.v is defined by:

U = ULV + UV + oo + Uy Uy
If uv =0, then u and v are called orthogonal.
Now, we define the dual code as following.
Definition 1.2.6. Let C' be an (n, k)-linear code, then the dual code C* is defined by:
Cr={ueFluv=0 for all veC}
Theorem 1.2.7. ( [21], 5.1.3 )
1. If G is a generator matrixz of C, then
C* = {ueFiuG” =0}
Where GT is the transpose of the matrixz G,
2. The dual C* of a linear (n,k)-code is a linear (n,n - k)-code ,
3. For any linear code C, we have C*++ =C.

Definition 1.2.8. (/9] )
A parity-check matriz H for an (n,k)-code C is a generator matriz of C*.

Thus H is an ((n—k)xn)-matrix satisfying GHT = 0, where H” denotes the transpose of
H and 0 is an all zero matrix, it follows from theorem (1.2.7,(3)) that if H is a parity-check
matrix of C', then C' = {z e F2|zH” = 0}.
A parity-check matrix of the form H = (B|[,_x), where [, is the identity matrix of size
n — k, is said to be in standard form.

The following theorem gives an easy way of constructing a generator matrix for a linear
code with given parity-check matrix (or vice versa).

bt



Theorem 1.2.9. ([9], 7.6 )
Let G = (I,|A) be the standard form generator matrixz of an (n, k)-code C, then a parity-check
matrixz for C is H = (=AT|I,_y).

Example 1.2.10. The parity-check matric H for the binary (Hamming) code defined in
example ( 1.2.2 ) is the following:

0111100
H=|1 011010
1101001
Such that
01 1
1000011 } (1) (1] 000
0100101 000
T _ _ _
GH_OOlOllO'i(l](l]_OOO_O
0001111 01 0 000
001
For example, if we take ¢ = (0100011) € C, then
011
1 01
110
cH” =(0100011)[1 1 1|=(0 0 0)=0.
1 00
010
00 1/

We have some examples for binary codes given by generating matrix as follows:



Code Generating matrix
Hamming code
10001 1O0
0100011
G = 0010111
0001101
for a (7,4,3)-Hamming code.
Golay code G =[I12, A], where I3 is (12 x 12)-identity matrix and
o1 111111111
11101110001
11011 100O0T1O0
101 1 100O0T1O0T1
11110001011
A=11 1 1.0 001 01 10
11T 0001TO0T1T1O0T1
1000101 1TO0T11
10010110111
10101101110
11011011100
10110111000
for a (23,12, 7)-Golay code.
Reed-Muller code
1 1111111
a[toro1oo
/11001100
11T 110000
for a (8,4,4)-RM code, which is (1,3)-RM code such that n=2" k=37, (T) and d =2m",
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1.3 The Main Problem of Coding Theory

A good (n, k,d)-code should have a relatively large size, i.e. a small n, large k and large d.
So that it can be used to encode a large number of source messages and a large minimum
distance in order to correct a large number of errors. The bad things, is that these two
volumes are conflicting. Thus, the main problem is to determine what is the maximum size
of a linear code C over ' of length n and with a relatively large minimum distance.

We denoted by A,(n,d) the largest value of k such that there exist a g-ary (n, k, d)-code.

Definition 1.3.1. A code C' is called a g-ary code, if =2 or q =3, the code is described as
a binary code or a ternary code respectively.

The problem is easily solved for d =1 and d =n, for all ¢ :

Theorem 1.3.2. ( [9], Theorem 2.1 )
Foranyn>1,

(i) Ag(n,1) = q"
(i) Aqg(n,n) = q

Proof. (i) For the minimum distance of a code to be at least 1, we require that the
codewords are distinct. And so the largest g-ary (n,k,d)-code is the whole of (F,)",
with k& = ¢".

(ii) Suppose C'is a g-ary (n,k,d)-code, then any two distinct codewords of C' differ in all
n position. Thus the symbols appearing in any fixed position. e.g. the first, in the k
codewords must be distinct, giving k < ¢. Thus A,(n,n) < ¢. On the other hand, the
g-ary repetition code of length n (see example 1.3.7 and definition 1.3.8 bellow) is an
(n,q,n)-code and so A,(n,n) = q.

U

Theorem 1.3.3. ( [21], Theorem 4.5.2 )
Foranyn>1,
Ay(n,d) <q Ay(n-1,d)

Theorem 1.3.4. ( [21], Theorem 4.5.53 )
For binary codes,
Ay(n,2t+1) = Ay(n+ 1,2t +2)

Put another way, if d is even, then As(n,d) = Ay(n—-1,d-1).

Thus for binary codes, it is enough to determine As(n,d) for all odd values of d (or for
all even values).



The following table of small values of As(n,d) is taken from ( Hill , 1986 ) [9], which in
turn comes from ( Sloane , 1982 ) :

n d=3 d=5 d=17
5 4 2 -
6 8 2 -
7 16 2 2
8 20 4 2
9 40 6 2
10 72-79 12 2
11 144-158 24 4
12 256 32 4
13 012 64 8
14 1024 128 16
15 2048 256 32

16 2560-3276 256-340 36-37

Here, we present some bounds for sizes of a linear code C.

Sphere Packing or (Hamming) Bound
Let C be an (n, k,d)-linear code, then

qn
ZE:O (7)((1 - 1)i

¢" = Cl=

d-1 .
Where spheres of radius t = —5 such that Y, (?)(q— 1)? is the number of vectors of

length n and have distance at most ¢ from a certain codeword.
For given values of ¢,n and d, the sphere-packing bound provides an upper bound on the
(n, k,d)-code.

3-1
Example 1.3.5. Suppose that n =5 and d = 3, then t = 5 = 1, by using the Hamming

bound we get:
25 2
= 32 =5,33

ECEOEIGIG

But, since C' is binary, | C'| should be a power of 2, thus k <2 and hence | C'|< 4.

| C]

Definition 1.3.6. A code C' which achieves the sphere-packing bound (Hamming bound) is
called a perfect code.

Example 1.3.7. e The whole space F' = C which is (n,n,1)-linear code.

10



e The repetition code of odd length n which is (n,1,n) = C,
C,, ={00...0,11...1}.

All of these examples are often called the trivial perfect codes.

Definition 1.3.8. The repetition code is one of the most basic error-correcting codes, the
idea of this code is to just repeat the message several times.

Singleton Bound

Let C be an (n, k,d)-code, then we have n—k >d - 1.

An (n, k,d)-code having the largest possible minimum weight d =n -k + 1 is called a maxi-
mum distance separable code or an MDS code.

This code the next upper bound for the code C' and is often not very good since the singleton
bound in ( example 1.3.5 ) gives k <3 while Hamming bound gives k < 2.

The Gilbert-Varshamov Bound

Let C be an (n, k,d)-code, then we have the lower bound as in the following theorem:

Theorem 1.3.9. ( [21], Theorem 4.5.4 )

k q"
"= C > — 57 -
S TPy

11



Chapter 2

Group Rings as a Ring of Matrices

In this chapter, we revise the notion of the group ring RG of a finite group G over a ring R in
order to introduce a theorem due to T. Hurley which proves an embedding of the group ring
into a ring of matrices. This embedding is used to characterize the elements of the group
ring in terms of the properties of matrices and construct certain types of linear codes.

2.1 The Group Ring
Let G be a group and R be a ring with identity, the group ring RG is defined by:

RG = {Z ayglag € R}
geG

Consider a =} ¢ ayg and b=} . 359 , then addition is defined term-by-term;
a+b=>Y (a,+08y)g,

geG

While multiplication is a convolution-like operation,

ab = Z (ayfBn)gh.

g,heG

If R is a field in the group ring RG, then RG is called a group algebra.
The following definitions can be found in [11], [4], [18] and [16].

Definition 2.1.1. e Let R be a ring, a non zero element u =3 g9 € RG is called a
zero-divisor if and only if there exists a non zero v € RG such that uv =0 or vu = 0.

e Let R be a ring with identity Ir # 0, an element uw € RG is called a unit if and only if
there exists an element v € RG, such that uv =1 = vu. The group of units of RG 1is
denoted by U(RG).

Definition 2.1.2. e The transpose of an element u =Y qogg € RG is ul = ¥ g ogg™!
or equivalently u” =Y .; ag1g.

12



e The support of a given element u =3 . ayg € RG is the set

Supp(u) = {g € Glagy # 0}.

e The element u € RG is symmetric if and only if u” = u.

2.2 Coding Matrices for Finite Groups

Let G be a finite group of order n, and {g1, gs,....., gn } be a fixed listing of the element of
G. Consider the matrix of G relative to its listing and denote it by M (G), which has the
following form:

altor 97t oo 97'gn

-1 -1 -1
M(G): 92:91 92:92 92:971

9t 9ntg2 - Gn'9n

nxn

Then for each u =1, ay,g; € RG, define the matrix M (RG,u) € M, (R) as follows:

Ozgilg1 O‘g{lgz Cl{gilgn

Q-1 Q-1 N
M(RG,u) =| %20 "2 "0 6

Oég7—ng1 Oég;ng2 . O{g’ﬁlgn nxn

It is quite clear that the shape as well as the coefficients of the coding matrix M (RG,u)
depends on the listing of the group elements of the group G.

2.3 Hurley’s Theorem

In [14], T. Hurley proved that the group ring RG of a group G of order n over a ring R is
isomorphic to a certain ring of (n x n) matrices over R.

Theorem 2.3.1. ( [14], Theorem 1)
Let G be a group of order n with the given listing of the elements, then there is a bijective
ring homomorphism is given by

o:a— M(RG, )
between RG and the ring of (n xn) G-matrices over R.

Proof. Let {g1,92,...,9n} be the listing of the elements of G and Let M(RG) be the ring of
(n xn) G-matrices over R, relative to this listing of G. Suppose that a = }}°; a,.0; in RG
and define mapping:

o: RG — M(RG)

13



such that,

Qgrtgr Ygilgs gl gn

-1 -1 -1
O—(a) — M(RG,CL) — 92‘ g1 92. g2 92‘ gn

O{g;Ll g1 Ozg;b1g2 ceen Ozg# gn

this mapping is obviously surjective, injective and additive. It is thus sufficient to show
that o is multiplicative.
For that, let a = ¥;"; oy, 9; and b = Y1, B,,9; be two elements in RG, such that:

Bg;lgl g;lg2 Bgflgn
U(b) = M(RG’b) = Qg.lgh gg.lg2 gg.lgn
595191 ﬁg,;l ga oo 5%1%

We want to prove that o(a*b) = o(a) *o(b), where,

a*b = (;agi‘gi)(;ﬁgigi) =

where, ¢,.9s = ¢; <= gs = g;lgi

n

Z( Z O‘grﬂgs)gi

n
=1 7,s5=1

Therefore,
n n n n
axb = Z ( Z ag,ﬂg;lgi) gi = ngigi , where ~,, = Zagrﬁg;lgi.
i=1 r=1 i=1 r=1
Which means that the coefficients of g; in the multiplication is that (ay,, ay,, ...,y ) times

the ¢ —th columns of o(b).Then,

Qgilgr Qgrlgy Qgilgn 59{191 97tg2 5951%
o(a) *o(b) = 0‘95‘15]1 a9§1g2 O‘gg.lgn 595}91 595‘192 595.1971
Qgtg, Qgtgy  woon Qgoig ) \Bgtgy Borigy oo Byrig,
n n n
Zrzlagflgrﬁgilgl Zr:lo‘gflgrﬁgilfn Zr:lagflgrﬂgilgn
n n n
_ Yr=1 O‘gglgrﬁgilm 2r=1 O‘gglgrﬁgilgz ZT’=1O{95197-/89;197L
n n n
Y1 Ogatg Bgrrgy Xpo1 Qgarg Bgmrgy oo Yot Qgaig, Bonig,
Yortar Vortex 0 Tgilen
795.191 ’Vgg.lgz 'Vgg.zgn = o(a *b).
Yoilar Yoitaz - Vgplon

Thus o(a*b) = o(a) *o(b), and hence o is a ring isomorphism as required.

14



This isomorphism means that the group ring and the ring of matrices are interchangeable.
Thus we can exploit results from group rings and ring of matrices as needed.

From now on ¢ denotes the mapping ¢ as in Theorem ( 2.3.1 ).

The map 0: RG - R", 0(Xi-, o, i) = (01,9, ..., ) s a ring isomorphism from RG to R™.
Thus every element in RG can be considered as n-tuple in R™.

In a finite group algebra, every element must be a unit or zero-divisor, and there is a method
to determine which.

Corollary 2.3.2. ( [14], Theorem 2 and Corollary 3 )
Let R be an integral domain, i.e. a nonzero commutative ring, has identity Ir and has no
zero-divisor, then:

e a € RG is a unit if and only if o(a) is a unit in M(RG).
e a € RG is a zero-divisor if and only if o(a) is a zero-divisor in M (RG).

Theorem 2.3.3. ( [14], Theorem 3 and [12], Theorem 5.2 )
Let R be a field, a non zero element a € RG is a zero-divisor if and only if det(o(a)) =0,
and otherwise is a unit.

Proof. The proof of this theorem is a direct result of (Theorem 2.3.1) and (Corollary 2.3.2 ,

(1))- [

The following useful result of this isomorphism.

Corollary 2.3.4. Let RG be a group ring, and a € RG. If the inverse o(a) of M(RG) eist,
then this inverse is an M (RG).

Proof. Consider o(a) is invertible in R,,.,, then there exist an (nxn)-matrix U in R, such
that o(a).U = I,,x,. From (corollary 2.3.2) we get a is an invertible in RG, suppose that b
its inverse such that a * b = 1zp5. Hence, the isomorphism between the group ring and the
ring of matrices implies that o(a) * o(b) = I,xn, where o(b) is an RG-matrix corresponding
to b. But, 0(a).U = Ix,. Hence, o(b) =U , and thus U is an RG-matrix. O

Notation: For every element u € RG, let the capital letter U denote its corresponding
RG-matrix o(u).

2.4 Some Types of Coding Matrices

Cyclic Group

Let G = {1,9,9?, ....,g" '} be a cyclic group of order n such that ¢g” = 1. Then the RG-
matrix U relative to this listing corresponds to a circulant matrix; if u = Y1 a;g° € RG then
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M(RG,u) has the following form:

(0P a1 Qg ... Op_q

Ap-1 a1 ... QOp-9
U=o(u)=|" S
(03] Qg (3 ... A

where «; is the coefficient of ¢* in u.
Circulant matrices are special type of Toeplitz matrices.

Definition 2.4.1. A Toplitz matriz is a matrixz in which each descending diagonal from left
to right is constant.

For instance, the following matrix is a Toeplitz matrix:

a b c d e
f a b ¢ d
g f a b c]|.
h g f a b
t h g f a

A Toeplitz matrix is not necessarily square.

Dihedral Group

Let G = Dy, be the dihedral group of order 2n, such that D, =< a,b:a?> =b" = 1,a* b =
b=' % a >. There are a number of listings of the elements of Dy, but the following listing is
the most convenient

Doy, = {1,b,6%,... 0" a,ab,ab?, ... ab" "}

Then the matrix of D,, relative to this listing as:

1 b 2., bl a ab ab? ... ab™!
pn-1 1 b ... b2 ab  ab? ab® ... a

b 2 oon L. 1 abt o  ab ... ab"?

a ab ab? ... ab™! 1 b bz ... vl

ab  ab? ab® ... a pn-1 1 b ... b2
abt  a  ab ... ab?2 b [ ) S 1

Thus the ring of matrices of the following form is isomorphic to the group ring of D, :

16



(6% Qp Qg ... OQpq Bo 51 Pa ... ﬁn—l
Qp-1 Gy Q1 ... Qp-2 ﬁl 52 53 cee ﬁo
(651 Qg Qa3 ... &%) 57%1 50 ﬁl e 57%2
ﬁo 51 ﬁ2 e 57%1 (6% QG Qo ... Qpg
ﬁl 52 53 cee ﬁo Qp-1 Gy Q1 ... Qp-2
ﬁn—l ﬁo B ... 6n—2 (€51 Qg a3 ... &%)

Note that these matrices have the form g i , where A is a circulant matrix and B

is a Hankel matrix of a special form ( or reverse circulant matrix ). In Chapter 3 we shall
prove a generalization of this fact for a semi-direct product group.

Definition 2.4.2. A Hankel matriz is a matriz which is constant on any diagonal from
upper right to lower left.

Finitely Generated Abelian Groups

In [4], from the fundamental theorem of finitely generated abelian group, a finite abelian
group is isomorphic to the direct product of finite number of cyclic groups. Hence, in this
case the group ring RG is isomorphic to the certain block-circulant matrices. Suppose that
Gz2Cy xCyyx...xCy., where dy , dy, ..., d, are positive integers. Let S be a sequence
S =(dy, dy, ..., d.). Define a S-block circulant matrix over R as follows:

If S = (dy), then an S-block circulant matrix is a (d; x dy )-circulant matrix. Now, suppose
r>land S = (dy, do, ..., d.), then an S-block circulant matrix over R is a (d, x d,.)-
circulant matrix, say U, where each entries in U is a (dy, ds, . .., d,_1)-block circulant matrices.

Example 2.4.3. Let G = CyxCy and R any ring. Then the group ring RG is isomorphic
to the ring of matrices over R of the form.:

A Ay As Ay

Ay A Ay A

Ay Ay A Ay ’

Ay Az Ay

where Ay, Ag, A3 and Ay, are (2x2)-circulant matrices. If we re-list the elements of G using
CyxCy = CyxCy, then RG will be isomorphic to the ring of matrices of the form:

B, Bs
By B 2><2’

where By and By are (4 x 4)-circulant matrices.

Ay 4x4

In this type of matrices over the commutative ring R are commute and normal.

Definition 2.4.4. A matriz M s said to be normal if and only if M*M = MM?*, where
M+ is the conjugate transpose of M.
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The Direct Product of Finite Group

In this case, M. Hammed [6] proved that the coding matrix of the direct product group is
the tensor ( Kronecker ) product of the coding matrices for the single groups appeared in
the direct product. It follows that the coding matrix of the finite abelian group is the tensor
product of circulant matrices.

Theorem 2.4.5. Let G and H be two finite groups then,
M(G xH) = M(G) ® M(H).

Proof. Suppose that |G|=n, |[H|=mandlet G={g1, g2, .-, g}, H={h1, ha, ..., hp }
be the listing of the groups G and H respectively. Then we may take the following listing
for the elements of the direct product as:

G xH = {(glyhl)a (glahQ)a ceey (glah'm)7 (gQah'l)7 (927}12), ey (QQahm)a R
(gnsh1) 5 (gnsh2) 5 ooy (gn, hm) }. Hence we have,
(9791, P ) (g7t g1, hithe) oo (gitgn, bt he) oo oo (91 G0 By i)
(9791, h3" ) (gilghhilhz) o (gtgn byt he) o (g7t gn,h Yo
M(GxH) = (g{lgl,h;}hl) (g1 gl, hthy) ... (g{lgl,h;}hm) (g1 gn,hlh)
(g0, bt he) (g5 g1, hitha) .. (9291, bt ) o oo (93 G Rl ) )

On the other hand, we have:

gt gi'ge oo o 91'0n
M(G) — gilgl 95192 gilgn
9n'91 Gn'92 o - Gn'Gnl .,
and
hithi hi'he ... ... hi'hy,
M(H) - h;hl h;hz e hglihm
hoihi hylthe oo oo hythy)
Then the Kronecker product of M(G) and M (H) will be:
g 91-MCH) gy 92 MCH) oo gy gn M (H)
M(G) ®M(H) _ 9o glM(H) 9 92M(H) 92 gnM(H)
gt M(H) g g M(H) ... ... g, gn.M(H) S
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(97'g1,h ha) (gitgn, hithe) oo (git g, hithi) oo oo (97 gns By )

(9r'91ha' ) (9r'gn hathe) oo (9r' g1 gt hn) e (gilgmhilhm)
o N e R et T SR a0 BT Oy gn,hlm
(9.1 91, mhl) (90191, mhz) (90191, mhm) (g;lgn,.hfnlhm) T
Which is equal to M (G x H), and hence we get:
M(GxH) = M(G) ® M(H)
]

As a consequence we have:

Corollary 2.4.6. M(C,xC,,) = M(C,) ® M(C,,), where C,, and C,, are the cyclic groups
of order n and m, respectively.

Corollary 2.4.7. The Kronecker product of two circulant matrices is block circulant.

Elementary Abelian Group

The matrix M (G) of a group G is symmetric if and only if G has exponent 2 which happens
if and only if G is elementary abelian of exponent 2. Then G = Z7 which has order 2" and
rank n. To see the isomorphism in ( Theorem 2.3.1) we need a listing of the elements of the
elementary abelian 2-group G of rank n.

Suppose that G is generated by {g1,92,...,9n} , then list the elements of G as:

LG G20 G1%92, g3 s G1%G3, 92503, G1*92%G3 , Ga s cvv sy woe s oo s 1% G2k .. %

gn—l7gn7"'7"'7"'791*92*"'*977/‘
Then the group ring RG with this listing is isomorphic to Walsh-Toeplitz (27 x 2" )-matrices
over R.

Definition 2.4.8. Walsh-Toeplitz matrices of size (2" x2") are defined to be matrices of the

form:
A B
B A

where A and B are (2771 x 2n=1) Walsh-Toeplitz matrices. The diagonal of this matrices is
the initial element.
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So for example an (8 x 8) Walsh-Toeplitz matrix is

a, oy ay a3 | B, B P B
ar a, az ax | B By Pz Da
ay a3 a, oy | B B3 B, B
a3y a1 o, | PB5 Ba Bi Bo
Bo Bi P2 Bs|a, a1 o az
Br Bo B3 Bo|lon a, a3
Bo Bz Po Bi|a az o, o
Bs Bo B Bo|as a a1 a, )

In general, when G is elementary abelian p-group we will get an isomorphism between
RG and a ring of (p™ x p*)-matrices over R. Thus define an elementary (p™ x p")-matrix as
follows:

Definition 2.4.9. An elementary (p x p)-matriz is a (p x p)-circulant matriz, and an ele-
mentary (p* x p)-matriz, for n > 2, is defined to be of the form:

A B
B A
where A B are elementary (p*~! x p"~1)-matrices.

General Linear Group GL(2,q)

And in this case, M. Hammed and A. Khammash determined the ring of matrices for the
general linear group GL(2,q) using its BN-pair structure with respect to the element listing
for GL(2,q) (see [7] , Theorem 7.2 ), which has the form of block circulant matrix.

2.5 Codes from Group Rings

In this section, we describe the structure of codes from unit and zero-divisor in group ring
RG and illustrate that with examples. Here all facts and results were done by P. Hurley and
T. Hurley in [14], [11], [17], [12] and [13] .

Definition 2.5.1. Let RG be the group ring of the group G over the ring R, where the listing
of the elements of G is given by {g1,92,---,9n}. Suppose W is a submodule of RG, x € W
and u € RG is given. Then the group ring encoding is a mapping f : W — RG such that
f(x) =xu or f(x)=wux. In the first case, f is a right group ring encoding and in the letter
case is a left group ring encoding.

Thus, a code C derived from a group ring encoding is the image of a group ring encoding,
for a given u € RG, either C' = {ux:x e W} or C = {xu:xeW}.
In the group ring the multiplication is not necessary be commute, and this allows the con-
struction of non-commutative.
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Definition 2.5.2. If zu = ux for all x, then the code C = {xu : x € W} is said to be
commutative, and otherwise non-commutative codes.

When w is a zero-divisor, it generates a zero-divisor code and when it is a unit, it generates
a unit-derived code.
when RG is finite and has an identity, only zero-divisors and units are contained in RG, this
is also true where R is a field by (Theorem 2.3.3 ).

2.5.1 Unit-Derived Codes

Let G be a group of order n with the given listing G = {g1, 92, ..., 9n}, and let u be a unit in
RG. Suppose that W a submodule of RG generated (as an R-module) by r group elements
S ={Gky, ks - - Gk, } such that r <n and {ki, ko, ..., k.} is a subset of {1,2,... n}.

The unit-derived code is C = {ux : x € W} or C = {xu : x € W}. Thus the code is
constructed from a unit u, a submodule W and, when RG is not commutative, the chosen
of left or right encoding. In follows we assume that the encoding is on the right (z - zu),
and in the left case (z - ux) is similar and has the same procedure.

Now ¢ € C' is a codeword if and only if cu™ € W ie. ce C if and only if the coefficients of
G~ S in cu™! are zero.

A unit-derived code can also be considered a mapping from R" to R*. First, map a vector
T=(a1,q9,...,a;) € R" by Mw(T) = ¥7_; @;gr; to an element x € W. Then a codeword zu € C'
is obtained which may be written xu = Y1, 5;g;. This gives an encoding T +~ (1, fa,- -, Bn)
which is a map from R" to R™.

There is another equivalent code, which called the matrix-generated code D. This is a code
from R" to R™ and has an (r x n) generated matrix A, which is a constructed by using
the RG-matrix U, and a check matrix constructed by using the RG-matrix V. Hence, the
matrix-generated code is given by D = {TA: T € R"}. Therefore, C' and D are equivalent and
they exhibit the same properties.

Generator and Check Matrices

Since u is a unit in RG, then there exist u~! € RG such that uu=! =1. Suppose that U, U~!
respectively are the corresponding (n x n) RG-matrices. Consider W to be the submodule
generated by S = {g1,92,...,9-} with r <n. (i.e. In this case we choose S to be the first
r elements of the given listing by (). Later we will describe the general case. An element
x € W is thus of the form z = Y| ; o;¢;. To construct the generator and check matrices for
the code C, we will follow the following procedure:

Divide the RG-matrix U as U = g into block matrices where A is an (r x n)-matrix and

B is an ((n-r) xn)-matrix. Similarly, Let U~' = (C' D) where C is an (n x r)-matrix and
D is an (n x (n —r))-matrix.
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Since UU! = I,, , then AD =0, where A is the generator matrix for the matrix generated
code. The following theorem shows that DT is a check matrix.

Theorem 2.5.3. ( [11], Theorem 5.1 )
Letye R" and D={TA:T € R"}, theny € D if and only if yD = 0.

Proof. Let 3y € D, then there exist T € R" such that ¥ = TA. since AD = 0, then clearly
yD =0.

Conversely, let yD =0,

R A Y A _ Ay _

Gl -JUU =5 (C D)(B) _ (e yD)(B) _ (e o)(B) _geA.

Now ¥ is a vector in R" and C' is an (n x r)-matrix, then yC' € R” and y = yUU ! = TA for
some T € R" as required. O

So, DT is a check matrix for the matrix-generated code D. Therefore, 7 is a codeword in
the matrix-generated code if and only if DTy = 0 if and only if D = 0. The generator matrix
A and the check matrix DT produced from the RG-matrices U,U~! and the submodule W
have full allowable rank r and n — r respectively. The RG-matrices of a units group ring
elements are non-singular matrices, and this property allows the construction of codes from
units. Hence, any non-singular matrix could produce a code by the above arguments.
When W is generated by a general basis S = {gi,, Gk, - -Gk, }, the generator and check
matrices are obtained by extracting and adding to certain rows and columns from U and

U-'. A generator matrix results from the (r x n)-matrix from the rows ki, ko, ..., k, of
U. Additionally, consider D the ((n —r) x n)-matrix obtained by deleting the columns
ki, ks, ...k, columns of V. Then DT is a check matrix.

Dual and orthogonal codes

As previously, the dual of a code from a group ring encoding is given by C* = {y € RG : <
xu,y > =0, Yx e W}, and the concept of the transpose (definition 2.1.2), we will show that
the dual of a unit-derived code can be generated from (u=')T as the following theorem.

Theorem 2.5.4. ( [11], Theorem 5.2 )

Let W be a submodule with basis of group elements S ¢ G and W+ be the submodule of
RG with basis G~ S. Let u € RG be a unit such that vu™' = 1. Then the dual code of
C={zu:zeW}is Ct ={z(ut)T :zeWt}.

Proof. Let z # 0 be an element in RG. We want to show that < zu,z >=0,Vere Wie. zeC*
if and only if zu™ € W+t. Note that < zu,y(u)T >=<z,y >. Thus, if zu” € W+, then for all
zeW, <xu,z>=<xz,zul >=0

Conversely, by contra-position, if zu” € W and choose an element g € S which has a non-zero
coefficient 7 in zu”. Then < gu,z >=< g, zu” >=~ # 0. O

Unit-derived code is said to be a self-dual code if C' and C* are equivalent, or equivalently,
that resultant matrix-generated code D and D+ are equal.
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Definition 2.5.5. ( [11], 5.3)
An unit u € RG is orthogonal if and only if its inverse is u” (i.e. uu™ =1 ).

It is easy to see that the RG-matrix from an orthogonal unit « is an orthogonal matrix.

Example 2.5.6. Let R =7y = {0,1} be the finite field of two elements and G = S3 =< a,b |
a®=b%=1,ba = a?b >={1,a,a?,b,ab,a?b} be the symmetric group of order 6. Then the coding
matrices of Ss is:

X 1 a a® |a’b ab b
1 1 a a® |a’b ab b
a2 | a2 1 a | ab b a?b
a | a a* 1 b a*b ab
a?b | a%b ab b 1 a a?
ab | ab b a*b| a® 1 a
b b a*b ab | a a* 1

Thus,
1 a a? a?b ab b
a2 1 a ab b a®b
a a® 1 b a?b ab
a?b ab b 1 a a?
ab b a*b a*> 1 a
b a*b ab a a* 1 66
And the group ring RG = ZyS3 = ¥ jes, g | 0y € Ziy = {co+cra+coa®+cza?b+cgab+csh ; c; €
Zs},Such that (ZaSs, +,.) is F-algebra.
From T. Hurley’s theorem (2.8.1) : ZSs = Mg, |x|s,| (Z2).
So, if u € ZySs ; u=cy+cia+ coa® +c3a’b+ cgab+ csb , then :

M(S3) =

Ch €1 C2 C3 C4 Cs
Ca Cp C1 C4 Cs5 C3
Ci C2 Cp C5 C3 (4
C3 C4 C5 Cyp C1 C
C4 C5 C3 C2 Cp C
Cs C3 C4 C1 Ca (O

M(ZQSg,U) =

6x6
For the unit element u=1+a+a®+ab+a?b € U(ZySs) there exists u™ = 1+a+a®+ab+a?b
such that uu=' =1. Then we have M(ZyS3,u) as follows :

111110
111101
111011
M(Z255,u)={1 1 ¢ 1 1 1
101111
011111

6x6
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Also , from Hurley’s theorems : If R has an identity 1z , then u € RG is a unit if and
only if o(u) is a unit in R,.,. Hence we have the invertible matrix as follows :

U= (A) and V = (C’ D) such that UV = 1g in Rexe -

B
Taking any r rows of U as a generator matriz define an (n,r) - code. Then we have
111110
A=l1 1 1 1 0 1 ,
111011/,
(1 10111
B=11 01111 ,
011111/,
111
111
111
“=11 10
101
01 gy
And
1 10
1 01
011
D= 111
111
L1 16,
Such that
1 00
AC=BD=|0 1 0
00 17,4
And

[en}
o O

0
AD=BC=|0 0
000/,

(A (AC AD\ (I, 05\
Then, UV—(B)(C D)_(BC BD)_(03 13)—I6X6.

The linear code C' of dimension k =3, generated by the matrix

1110
110 1|
1011/,



is the unit derived code C = {ux |x € W}, where S ={a} c G and W =< a>={1,a,a®}. The
dual code C* is the linear code generated by the matrix

110111
D=1 011 1 1| |,
011111/,

6

with dimension n—k =3. The dual code can be considered as the submodule C* = {(u=1)Ty |
ye Wty where Wt =<G - S >={a?b,ab,b}.

So, C ={ux | x e W} ={l+a+a®>+a*b+ab,1+a+a®>+b+a?b,1+a®+a+ab+b},
6(C) = {111110,111101,111011}, and C* = {(u )Ty |y e Wt} = {1+ a2 +ab+b+a, 1+
ab+b+a2b+a,b+a?b+ab+b+al, 0(CH) = {110111,101111,011111} .

Clearly, the matriz A is the generator matriz for an (6,3) —code, and DT is the parity-check
matriz for this code, since it is a generator matriz of C* as defined in (definition 1.2.8 ).

Definition 2.5.7. ([16] )
A linear code with a complementary dual (or an LCD code) is defined to be a linear code C
whose dual code C* satisfies C'n C*+ ={0}.

From the last example ( 2.5.6 ) :
0(C) n O(C*) = {000000}

So, this is satisfy C'nC* =0, i.e. C'is LCD code.

2.5.2 Zero-Divisors Codes

Let G be a group of order n with listing {g1, g2, ..., gn}. Then the resultant code will be of
length n and its dimension depending on the choice of the submodule W.

Suppose that a zero-divisor is u € RG, such that uv = 0 for some non-zero element v € RG.
And W is a submodule of RG with basis of group elements S ¢ G.

The zero-divisor code is C = {ux : x € W} = uW or C = {xu: x € W} = Wu. This code
constructed from a zero-divisor u, a submodule W, and when RG is non-commutative, the
chosen of right or left encoding. We will describe the right-encoding case, where the left one
is similar.

Consider u is a generator element of the code C' = Wu relative to the submodule W. Also, C'
may have another generator element and in fact may also be defined in terms of a different
submodule.

The particular traditional case in which the code is a left ideal, when C' = Wu = RGu,
which means that rank(u) = rank(U) has the same rank or dimension as (Wu), when w is
a zero-divisor then rank(U) =1 < n, and there is v # 0 and thus y € C satisfies yv = 0.

Definition 2.5.8. ( [12], Definition 5.8 )
An element v € RG is said to be a (left) check element for a zero-divisor code C when y € C
if and only if vy =0. Then we can write C' = {y € RG : vy = 0}.
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The code C' may have more than one check element. Consider there is a set of check
elements vy, vs,...,v,, then y € C if and only if yv; =0 for 1 <i <t.
We note that in addition to using a zero-divisor as a generator, codes can also be constructed
by using a zero-divisor instead directly as a check element, regardless of whether the code
has one generator element or more.

Definition 2.5.9. ( [12], Definition 5.9 )
Suppose T is a submodule of RG. Define T, = {x € T | zv = 0} and say T, is the check
zero-divisor code relative to T.

Note that T}, is a submodule of RG and in the case where T'= RG we have that the code
T, is actually a left ideal.

Module

For the particular choice of module, now we restrict to the case when R is a field. Although
some of results hold over integral domains also for rings in general.

Definition 2.5.10. ( [11], Definition 5.10 )
Let T be a set of group ring elements T c RG, then T is linearly independent if Y cr 0tz =
0, for a, € R, only when o, =0,Yx e T. Otherwise, T is linearly dependent.

We define rank(T") to be the maximum number of linearly independent elements of T'.
Thus rank(T) = |T| if and only if T is linearly independent.
A zero-divisors code C' = Wu, where W is the submodule of RG generated by S ¢ G, and all
element of C' of the form ). ¢ aggu. Thus the dimension of C'is rank(Su).
If we require R to be a field, and Su is linearly dependent, then there exists S'u of Su
which is linearly independent and generates the same module as Su. So let W' to be the
submodule of W generated by S’, then the code C'= Wu = W'u, S"u is linearly independent.
Note that when we require Swu is linearly independent this is equivalent to say that W has no
zero-divisor of u. The maximum dimension a code for a given zero-divisor w is r = rank(Gu).

Example 2.5.11. Let R =Zy = {0,1} be the finite field of two elements, and G = C3 =< g |
g3 =1>={1,9,¢%} be a cyclic group of order 3. Such that the coding matrices of C3 is:

1 g ¢°
M(Cs)z 92 1 g
g 92 1 3x3

And the group ring RG = ZoCs = ¥ jec, g9 | g € Zy = {0,1,9,9*, 1+ 9,1+ g%, g+9*, 1+ g+g*}.
From T. Hurley’s theorem (2.8.1) : ZoCs = Micy|uicy| (Z2).

Suppose that u,v € ZoCs ; u=1+¢g and v =1+ g+ g* such that uv = (1+g)(1+g+g?) =
1+g+g2+g+g>+1=0, this mean that u is zero-divisor in ZyC3, then we have M(ZoC3,u
as follows:

110
UzM(2203,U)= 011
1 01

3x3
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And,

1 11
V= M(ZgCg,’U) =11 1 1
111/,
Let W be the submodule of ZsC3 generated by S = {1,g} i.e. W =< S >={0,1,9,1 + g}.
Then (Su) ={1,9}(1+g) = {1+g,9+ ¢?} and so rank(Su) = 2. Then a zero-divisor code
is C={uxr|xeW}={0,1+g,9+g%1+g?*}. Thus 6(C) ={000,110,011,101} is a (3,2,2)
binary cyclic linear code.
The generator matriz of this code is

and the parity-check matriz is

such that G.HT =0 as follows:
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Chapter 3

Coding Matrices for the Semi-Direct
Product Groups

In this chapter, we explain the definition of the semi-direct product group. And generalize
some known results for semi-direct product groups of cyclic groups.

3.1 The Semi-Direct Product Groups

In group theory, a semi-direct-product is a generalization of the direct product which ex-
presses a group as a product of subgroups. Such that G is a direct product of two groups if
contains normal subgroups Ny, Ny ; Nyn Ny ={e} and G = Ny No. While G is a semi-direct
product of two groups if it contains subgroups H and K ; H <« G, Hn K = {e} and that
G = HK (i.e. every element of HK can be written uniquely as a product hk ,Y he H | ke K
- by proposition 8 in [4] ).

Since H is a normal in G, the group K acts on H by conjugation: k.h = khk=' for h €
H, keK.

Definition 3.1.1. ( [22], Definition 9.1)

Let H and K be groups and K acts on H if to each h € H and k € K there corresponds a
unique element h* = hk € H such that ¥ hy,ho € H and ky,ky € K , (hF1)k2 = pFak2 Bl =}
and (hlhg)k = hlfhg

This definition means that there is a homomorphism ¢ ; ¢ : K — Aut(H ), defined by
¢ : K — ¢ and we call ¢ the automorphism representation of K corresponding to the
action (or simply, call ¢ the action).

Theorem 3.1.2. ( /4], Theorem 10 in ch 5)

Let H and K be groups and let ¢ be a homomorphism , ¢ : K — Aut(H) and let denote the
action of K on H determined by ¢. Suppose that G is the set of ordered pairs (h,k) with
he H and k € K and define the following multiplication on G':

(h1, k1) (he, ko) = (hidw, ha , kiks).

28



such that:
1 e This multiplication makes G into a group of order |G| = |H| |K|.

2 e The sets {(h,1) | h € H} and {(1,k) | k € K} are subgroups of G and the maps
h— (h,1) , k+— (1,k) are

H:he—s (h1) = {(h1) | he H} <G,

Kike (LE) 2 {(Lk) | ke K} <G

forallhe H and k € K.
by (2 e), then we have:

3e HIG
4 HNK =1
5e forallhe H and k €k , khk™' = kh = ¢ (h) where ¢y : h — h.

The proof of this theorem is clearly in [4] .
So the group described in above theorem is called the semi-direct product as following:

Definition 3.1.3. ( [22] and [4] )
Let H and K be groups and let ¢ be a homomorphism,

¢: K — Aut(H)

Then the semi-direct product of H and K with respect the action ¢ is the group G containing
of ordered pairs (h,k) with he H and k € K defined by:

(h1, k1) (ho, k2) = (hidp,ho , kiks)
Where ¢p(h) =kh=khk™, V he H | ke K.
Denote of semi-direct product by H x4 K (or simply, write H x K).

Example 3.1.4. Let G = S3, let N be the normal subgroup of order 3 generated by a 3-cycle,
and let H be a subgroup of order 2 generated by a 2-cycle. Then G =N x H. This example
generalizes a long two different lines:

1eLet G=S,, N=2A, and H a subgroup of order 2 generated by a 2-cycle. Then
G=NxH.

2 e Let G = Dy, , the dihedral group of order 2n. Then let N = C,, and H = Cy. Then
DQn = Cn X Cg.

In the next section, we shall generalize ( theorem 8 of [14] ) to semi-direct product group
of cyclic groups in the light of ( example 3.1.4, (2) ) above.
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3.2 Coding Matrices of Semi-Direct Product Groups

According to ( [14] ,Theorem 8 ), the coding matrices of the dihedral group Dy, = C,, x Cy is
known to be of the form g i) (where A is a circulant matrix and B is an (n xn) Hankel-

type-matrix). This can to be generalized to the semi-direct product groups G = C,, x Cs.

A circulant matrix is special type of Toeplitz matrix, which is one that is constant a long
any diagonal running from upper left to lower right as defined in ( definition 2.4.1 ).

While a (general) Hankel matrix is one which is constant on any diagonal from upper
right to lower left as defined in( definition 2.4.2 ).

Consider G = C,, x C,,; C,, < G of two groups C,, =< z >={z | 2" = 1} and C,, =< y >=
{y | y™ = 1}. We may list the elements of the semi-direct product C,, x» C,, as follows:
iyl 0<i<n—-1,0<j<m-1 :

L e e VR VR o I Lt VIS Ve VN v Ve R L ,

ym—1’ l,ym—1’$2ym—1’ e xn—lym—l )
(' m blocks each with n elements).
This product defined by the action of C,, on C, (or group homomorphism) given by ¢ :
Cp — Aut(Cy) 5 CpxCp, = {atyl : 2t e C, , y € Cp | gyl asyt = 2id 2597y}, The
inverse of the element 'y in C), x C, 1S Gp—jyax™ "y,

In fact, the automorphism group Aut(C),) is one to one correspondence with the set
{z" | hef(n,r) =1} of generators of C,,, so |[Aut(C,,)| = ¢(n) , where ¢ is the Euler function.

Definition 3.2.1. The Euler p-function is defined as: for n € Z*, let p(n) be the number
of positive integers a < n with (a,n) =1.

Here, the non-identity element of Cy acts on C), by inverting elements; this is an auto-
morphisms since C), is an abelian, and the presentation for this group is:

Ly

<aylr" =y™=1yxy =2
More generally, a semi-direct product of any two cyclic groups C, with generator z and
C,, with generator y is given by one extra relation, yry=' = z¥ with (k,n) = 1, where
Aut(C),) : x — ¥ for some k; that is, the presentation:

k

<ayla" =y =1,yzy "t =2k >

If y" is a generator of C), and (r,m) = 1, hence we have the presentation:
k’f’

-1
<zylr"=y"=1y"wy" =a" >.
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Now, taking the trivial homomorphism ¢ : C,, — Aut(C,); C,, = I¢, gives the direct
product G = C, x C,, = C,, x C,,.
Now, consider G' = C,, x C,,, we need to know when there is a non-trivial homomorphism
¢ : Cr, — Aut(C,) but since Aut(C,) = Cyeny and since Hom(Ch,, Cp(ny) = Chep(mp(n) ) We
have the following:

Lemma 3.2.2. There is a non-trivial homomorphism ¢ : C,, — Aut(C,,) iff
hef(m,p(n)) # 1.

Proof. We have Hom(Cy,, Copn)) = Chef(mpn) )-

If hef( m,e(n) ) =1 then Hom(Cy,, Cyrny) = Cy the trivial subgroup and so the only
element ¢ € Hom(C,,, Cy(ry) is the trivial one given by ¢(y) = I, . Conversely, suppose
that hcf(m,p(n)) # 1, to define ¢ € Hom(Cy,,Cop(ny) by ¢(y) : @ —> at (where 1 <t <
@o(n) with hef(t,¢o(n)) # 1 in order for z' to be a generator for Cy,)), we must have
order(¢(y)) | m (as y™ = 1) and order(¢(y)) | ¢(n) (as ¢(y) € Cp(ny). But this is possible
since hef(m,p(n)) # 1. O

So for example there will be no non-trivial semi-direct product C,,xC,, (i.e. different from
the direct product C,, xC,,) if hef(m, p(n)) = 1, for instance Cy xC3 the only homomorphism
¢ : C3 — Aut(Cy) is the one, which takes y € C,,, =< y > to the identity I, € Aut(Cy) =<
05 >={I¢,,03};05: x —> 23 = 271 therefore the only semi-direct product Cy x C3 is the direct
product Cy x C5. We consider another following example:

Example 3.2.3. Consider the semi-direct product G = Cy x C3, where ¢ : C3 — Aut(Cr) 2
Cs. In fact Aut(Cy) ={6;|i =1,2,3,4,5,6} =< 03 >=< 05 >2 Cy ; i.e. order(6s) = order(0s) =
6, while order(6y) = order(0,) = 3 and order(0s) = 2. Therefore we may take ¢; : C3 —
Aut(C7) to be the group homomorphism (or the action of C3 on C7) defined as (¢;(y) =
O;:1=1,2,4), since order(y) =3 | order(6;);i=1,2,4.

Clearly ¢1(y) = 01 = I, will induce the direct product C7; x C3. (In fact it is easy to prove
from the relations that C; xg, Cs 2 C7 x4, C3). So we take ¢o(y) = 6y : © —> 22 and consider
the semi-direct product group G = C7 xg, C5 =< zy|z” = y* = Lyzy™t = 22 >, generally
G=Crxy, Cy=<aylz"=y3=1yzy L =a%i=1,2,4>.

In the following examples, we will clarify the coding matrices of C), x Cs .
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Example 3.2.4. The semi-direct product of two cyclic groups Cs x Cs

)

C3 =<z |a®=

1>={l,z,2%} and Cy =<y | y?> = 1 >= {1,y}. The listing of elements of C3 x Cy are :
1,z, 2%y, xy, x%y. And we have non-trivial homomorphism since (2,p(3) ) =(2,2) =2 # 1,
the action of Cy on C3 given by ¢ : Cy - Aut(Cs), such that Aut(C3) is ¢ : C3 — C3

| Aut(C3) |= ¢(3) =2, hence we have Aut(Cs) ={¢1:x — x , ¢po:x —> 22},

At @1 give us the semi-direct product as a direct product, but at ¢o give us the semi-direct

Cy
following:

at ¢
x 1 x x|y xy 2%
1 1 x x|y xy %
x? | a2 1 x | 2%y oy xy
x x a2 1 |y 22y y
Y y xy 22y | 1 x a2
2?y | 2%y oy wxy | x? 1 x
xy | vy 2’y oy x 2 1
and at ¢
x 1 x 2 |2y oxy oy
1 1 x 2 |2y oxy oy
x? | a2 1 x |y oy 2’y
x x a2 1 y 2’y xy
2?2y | 2%y xy oy 1 x a2
xy | xy oy 2y | a? 1 x
Yy y 2’y xy | x  x? 1

product with the presentation < xylz3 =y? = Lyzyt =2t > ; C3xCy={ xy

cxelCy, ye

DTy TeYs = T10y, (22).21Yy2 | and the inverse of the element yx is (¢, (x7').y™!) as

Note that the coding matrices of the semi-direct product group C3 x C5 is known to be

of the form

(A B)
B A
6x6

Where A is an (3 x 3) circulant matrix and B is an (3 x 3) Hankel-type-matrix.

Example 3.2.5. If we take another example CyxCy ; Cy=<z | z*=1>={1,2,22, 23} and
Cy=<y | y?>=1>={1,y}. The listing of elements of Cyx Cq are : 1,x,22 23y, vy, 2%y, x3y.
And we have non-trivial homomorphism since (2,0(4) ) =(2,2) =2 # 1, so the action of Cy
on Cy given by ¢ : Cy - Aut(Cy), such that Aut(Cy) is ¢ : Cy — Cy ; | Aut(Cy) |= ¢(4) =2,
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hence we have Aut(Cy) ={¢1:x — =, ¢3: 20 —> 23}

At ¢ give us the semi-direct product as a direct product, but at ¢3 give us the semi-direct
product with the presentation < zylzt =y? = Lyzyt=a1> ; CyxCo={ay : veCy, ye

Cy + 21y1.%2Y2 = 10y, (22).y1y2 } and the inverse of the element yx is (¢, (z71).y™) as
following:

at ¢1
1 x 22 x|y xy 2%y 2y
1 1 x 22 2|y xy 2%y 2y
x|t 1 x 22 |2y oy wy 2%y
N ISR S | x |2y 2y oy wy
x x x> 1 | xy 22y 23y oy
Yy y xy 2’y 23y | 1 x  x?  a
»y |l By oy xy 2y| 3 1 R
2y | 2?y 2y oy owy | 22 2 1 T
xy | vy 2y 2y oy x a2 23 1
and at ¢3
1 x x? 2 |2y 2Py oay oy
1 1 x  x? 2 |2y Py oaxy oy
| 23 1 x x| 2%y xy oy 2y
2 | 22 2 1 r |y oy 1y 2%y
x x a2 2 1 y  xy 2’y xy
sy | By 2>y 1y oy 1 r oz 2
2?2y | 2%y xy oy 2wy | a3 1 x  a?
xy | xy oy 2y 2%y | 2?2 a3 1 x
Yy y xdy 2y axy | x x? 23 1

Note that the coding matrices of the semi-direct product group Cy x 5 is known to be

of the form
A B
B A
8x8

Where A is an (4 x 4) circulant matrix and B is an (4 x 4) Hankel-type-matrix.

Example 3.2.6. Also, if we take an example CoxCq ; Cqr =<z |27 =1>= {1, 2,22 23, 2% 25 25}
and Cy =<y | y?> =1>={1,y}. The listing of elements of C7xCy are : 1,x, 2% 23, 24 x5 25 y, zy,
22y, 23y, vty 2y, x%y. And we have the non-trivial homomorphism since (2,¢(7)) = (2,6) =

2 # 1, so the action of Cy on Cy given by ¢ : Co - Aut(Cy) = Cg, such that Aut(Cy) is
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{60; | i=1,2,3,4,5,6}, here this action defines as ¢;(y) = 6; | i = 1,6, since order(y) = 2 |
order(0;);i=1,6.

At ¢y give us the semi-direct product as a direct product, but at ¢g : x — 28 give us
the semi-direct product with the presentation < zyla” = y? = L,yzy™t =271 > ; Cr xCy =
{xy : 2eCr, yeCy 1 m1y1.02y2 = 10y, (x2).11Y2 } and the inverse of the element yx is
(¢y-1(z71).y™t) as following:

at ¢g
1 x oz x xt x5 ab | aSy 2Py 2ty 2y Py oxy oy

1 1 x oz x xt x5 2l | aSy 2Py 2ty 2y Py oxy oy
26 | 28 1 x oz x xt S | 2Py 2ty 2y 22y oy oy aby
x| xS 1 x 22 2 2t |2ty 23y 2%y oxy oy 2%y by
i B P 1 x 22 2 |2y 2y xy oy 2%y 2y aty
N B L/ R A x x| 2%y xy oy 2%y 2Py zly 23y
22 | 2 2 ot x5 b 1 x | xzy oy 2y 2Py 2ty 2y 22y

x x oz x xt b b 1 y 2%y 2%y aty 2y 2Py ay
20y | 2%y 2Py oty 2y 2y oxy oy 1 x x?  x xt xd b
oy | oy 2ty 2y 2y xy oy Sy | 26 1 A B R
2y |2ty 2Py 22y vy oy aSy 2Py | b ab 1 e B
vy |2y 22y wy oy 2y 2%y 2ty | 2t b af 1 x a2 a3
2y |2’y xy oy 2y 2y 2ty 2y | 23 2t 2> b 1 x oz
xy | xy oy x2Sy 2by xty 2Py 2%y | 2?2 23 2t 2b b 1 x

y y 2%y by 2ty 2y 2Py oay | x 2?2 23 at 2b b 1

Note that the coding matrices of this product group is known to be of the form

(5%
B A 14x14

Where A is an (7 x 7) circulant matrix and B is an (7 x 7) Hankel-type-matrix.

In general, the following example describes the coding matrix for the dihedral group as
semi-direct product group.

Example 3.2.7. C,, x Cy 2 Dy, such that C, =<x | 2" =1 >= {1,z,22,... 2"} Cy =<
y | y?=1>={1,y}, the listing of elements of C,xCs are : 1,x, 22, ... 2" " y, xy, 2%y, ...,x" y.
And there is a non-trivial homomorphism since (2,p(n) ) # 1, so the action of Cy on C,
given by ¢ : Co — Aut(C),) ; Aut(C,) : ¢: C,, — Cp,

| Aut(C,,) |= w(n), hence we have Aut(C,) ={¢1:x — x , ¢p_1:x —> 2" 1},
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CoxCy={xy : ve€C,, yeCy
element yx is (¢, (x1).y™1).

At ¢1 give us the semi-direct product as a direct product, but at ¢, give us the semi-direct
product groups as following:

T1Y1.T2Y2 = T1Py, (T2).31Yy2 |, and the inverse of the

at ¢1

X 1 T x? ! Y xy  x’y v ly

1 1 x x? ! Yy ry 2y v ly
pn-1 pn-1 1 T =2 =l Yy Ty l.n—2y
xn—2 xn—2 xn-1 1 xn=3 [L’n72y l.nfly Y l.n73y

x x x? a3 1 Ty 22y 2y Yy

Y Y xy 2y v ly 1 x x? a1
xnfly xn—ly y Ty xn—2y xnfl 1 xn72
In—2y xn—Zy xn—ly y xn—?)y .CL’"_Z In—l .CL’"_?’

xy Ty 2’y 1y Yy x x? 1

and at ¢,_1

>< 1 x 2 b | anly 2y xy y

1 1 x 2 b | anly 2y xy y
In—l In—l 1 T In—2 xn—Zy Ty Yy xn—ly
l.n—2 l.n—2 xn—l 1 l.n—?) xn—?)y Y l.n—ly xn—Zy

T T 2 3 1 Y sy 2y xy
l.nfly xn—ly xn—2y l.n73y Y 1 xn—3 l.nf2 xnfl

2 2 xy Yy 3y 3 1 x 2

Ty xy y "y x2y 2 zn1 1 x

Y Y v ly  x?y Ty x 2 gnl 1

Note that the coding matrices of the semi-direct product group C,, x Cs is known to be

of the form

(5 %)

Where A is an (n xn) circulant matrix and B is an (n x n) Hankel-type-matrix.

Summarizing, we have the following theorem which describes the coding matrices for the
semi-direct product of C), x Cs.
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Theorem 3.2.8. Let G = C,, x Cy be a semi direct product of two cyclic groups, such that
C,< G, C,=<x>and C,, =<y > depends of the action on the normal subgroup ( or the
automorphism ). Then we may choose a listing for the group G according to which its coding

matriz will have the form
A B
B A

Where A is an (n xn) circulant matriz and B is an (n xn) Hankel-type-matriz.

All automorphisms will give rise to the same form, and note that there is a transfer map
from one matrix to another matrix coming from two automorphisms as following:

Theorem 3.2.9. If G=C, »yCy and G = Cy, »y Cy ; ¢, € Aut(Cy,) |, ¢ is trivial automor-
phism and ) is any automorphism. Then there is a transfer map from the coding matrices
of Cy, s Cy to the coding matrices of Cy, xy, Co, Ty : M(Cy, x5 Cy) = M(C,, 1y Co) defined
by Tyop(xiy?) = (2?).y7 such that xiyl € C,, x5 Cy and y? is the non-identity element of Cs,
1<i<n and 1< j<m. These automorphisms ¢, will give rise to the same form of coding
matrices in terms of the number of blocks, but the type of shown blocks depends on these
automorphisms.

Proof. Suppose that G = C), x Cy defined as ( theorem 3.2.8 ) above. Then, by ( theorem
3.2.8 ) the coding matrix of C), x4 Cy = C,, x Cy , since ¢ is trivial automorphism in C), has
the form :

A A
M(C, ><¢02)ZM(C”XC2):(A‘ A)
(2nx2n)

and, the coding matrix of C), »x,, Cs , ¢ € Aut(C,,) has the form :
A B
M(Cn . 02) ) (B A)(nmxnm)

Where A,A" are (nxn) circulant matrices and B is an (n xn) Hankel matrix of a special
form, i.e. it has the same number (n x n) of blocks each with (2 x 2) of elements.
Consider M (C,, x4 Cy) with respect the action ¢ :  — = and M (C,, x,, C5) with respect the
action ¢ : x —> a1 = g1,
Comparing the opposite elements in both matrices, we have an element z'y’ € C, x4 Cy; v
is the non-identity element of Cy, and an element z"'yJ € C,, x,, C.

Then, there is a transfer map between the elements of these matrices which is defined as
following;:

Toop(a'y’) = 2"y = p(a").y’

where 1 <7<nand 1 <j<m. O
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3.3 Semi-Direct Product Groups Zero-Divisor Codes

In ( [12], section 5.4.1, p.188 ), P. Hurley and T. Hurley showed how to construct zero-divisor
elements, and hence codes in dihedral group from zero-divisors in its cyclic subgroup. In this
section we provide a generalization of this construction for the semi-direct product groups.

Consider R(C,, x (), the group ring of the semi-direct product of the cyclic group of
order n with the cyclic group of order 2 over the ring R. Let u € C,, be a zero-divisor such
that uv = 0 and let Cy be generated by y and let C), be generated by x. From it a zero-divisor
of the form u +uya € C,, » Cy can be constructed for any a € C,, with (u+uya)(v+vTyb) =0
for any b € C,,. For simplicity, consider the case a = b =1 as the following theorem.

Theorem 3.3.1. Let u be a zero-divisor in ZyC,,, then there is a zero-divisor in Zo(C), x Cs)
has the form u+uy.

Proof. Consider the group ring Z(C, x Cy) has | Z, [©»*C2l= 227 elements of the form
decnnCQ Qgg 5 Qg€ Z2-

Let u = e, Ugg ; Uy € Zy be a zero-divisor in ZyC,, such that uv = 0 where v = 3,0, vah 5 vy €
Zs , v € ZyC,. From it there is an element of the form u +uy € Zy(C,, x Cs) such that

T T

(u+uy)(v+vTy) = ww+u’y + uoy + wv’ = wly +uw

Since uv =0, ZyC,, € Zs(C,, x Cy).

So, uvTy +wv™ = (y + Duv™ = (y + 1) Xge, U9 Lhee, ™ = (Y +1) Lgec, Lnec, tgngh™ ;
UgUp € Lo, hence ¥ co. Yhec, UgVn = 2k 5 ke Z.

Therefore, uv™y + uv™ must be equal to (even number) mod 2.

Since we have three cases of multiplication (uv”) and two cases of addition uv”y + uv™ as
following;:

T T

u v uv wvT + woT
even even even even-teven=even
even odd even even+even=even

odd odd odd odd+odd=even

Thus, wvly + uww” = (even number) mod 2 = 0. So, (u+uy)(v+0vTy) =0; (u+uy) +
0 and (v+vTy) +0. Then u+ uy is a zero-divisor in Zy(C,, x Cy). O

Example 3.3.2. Consider Zy(C3 x Cy), the group ring of the semi-direct product of the
cyclic group of order 2 with cyclic group of order 3 over the field of two elements. Let
Cy =<y >={1,y} be generated by y and let C3 =< x >= {1,z,22} be generated by x. The
listing of elements of C3x Cy are: 1,x, 2%, y, 2y, 2%y and has the coding matrices of the form

(5
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(As already mentioned in an example 3.2.4 ).
The group ring Zy(Cs x Cy) has |R[C1 =26 = 64 elements of the form ¥ ,cc,uc, 099 | 0t € Zs.
Consider u € ZoCs ; u 18 zero-divisor such that

wv = (1+2?) (l+x+2?) = l+ox+22+22+1+2 = 0.

At the non-trivial homomorphism ¢y : x —> x? in (example 3.2.4 ), we have (u+uy)(v +
vTy) as

(I+22+(1+2%)y) (l+z+22+(1+2°+2)y) = (L+22+y+2°y) (A +ax+22+y+ 2’y +ay) =

2

l+z+2?+y+22y+ay+2?+1l+o+22y+ay+y+y+2?y+ay+l+ao+22+22y+ay+y+22+1+2=0

So, u+uy =1+22+y+x2y is zero-divisor in Zy(C3 x Cy). Then we have

101101
110011
01 1110
U:M(ZQ(C3XC2)7U‘): 1 01 1 01
01 1110
110011 6x6
And,
111111
111111
111111
V = M(Zy(Cs5xCy),v) = 111111
111111
1 1 1 1 ]- 1}6x6

Let W be the submodule of Zs(Cs x Cs) generated by S = {1,x} ie. W =< 1,2 >=
{0,1,2,1+x}. Then a zero-divisor code is C' ={ux |x e W} ={0,1+ 22 +y+ 2%y, x + 1 +xy +
y,r+ 22+ 22y +xy}t. Thus 6(C) ={000000,101101,110011,011110} is a (6,3) binary linear
code.

The generator matriz of this code is

101101
G=(t 1001 1| .
011110/,

Example 3.3.3. Similarly, at the group ring Zs(C7 x Cy), suppose that Cy7 =< x >=
{1,z,22,...,25}, Cy=<y>={1,y}. And C7; x Cy has the coding matrices of the form

(5 %
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(As already mentioned in an example 3.2.6 ).
Consider u=1+x + 23 € ZyC7 1s a zero-divisor such that

3 4

24t 2y +2t+2°+1 = 0.

uv=1+r+2%) (l+z+2°2+2Y) = l+o+22+2 +o+22+ 23+ 2%+ 2

So, at ¢g : x —> a8 in this semi-direct product group we have (u+uy)(v+ovTy) = (1+x+
B+ +z+23)y) (l+x+22+22+ (1 +25+2°+23)y) = (l+z+23+y+ay+a3y) (1+
r+x?+at+ry+aby+dy+ady) = l+ox+22+xt+y+aSy+2dy+ 3y +r+a?+ad+ a5+
xy+y+aSy+aty+adrat+ab+ 1+ 3y + 22y +ay+aSy+y+ by + Py + Sy + 1+ o+
rray+y+aSy+rty+rr+ a2l + 3+ + 3y + Py +ay+ Sy +ad + 2t +2°+1 = 0. Hence,
utuy = l+x+a3+y+ay+ady is a zero-divisor in Zs(C7 x Csy).
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