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Abstract

We introduce the concept of pseudoblock for finite dimensional algebras, and investi-
gate the pseudoblock structure for various finite dimensional algebras such as semisimple
algebras, the group algebras of cyclic groups, and the triangular algebras. Towards the
end, we determine the pseudoblocks for the group algebra F'SL(2,p) in characteristic p,
which turns out to be identical with the Brauer blocks.
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Notations

A The finite dimension F-algebra.
F=TF, The field in characteristic prime number p.
N The set of nonnegative integers (natural numbers).
Z The set of integers.
Q The rational field.
A The group algebra F'G.
aA The left regular module (as left A-module).
M, (F) The algebra of all n x n matrices over a field F.
2 The pseudoblock linkage principle on IndA.
~ The Brauer linkage principle on modA.
B C The tensor producte of B and C over the field F'.
&) The internal direct sum of moduls.
P|A P is dircte summand of A.
alb a divides b.
ath a does not divide b.
|G : H| The index of a subgroup H in a group G.
|G| The order of the group G.
Dt The transpose of the matrix D.
fog The composition of maps.
i Is isomorphic to.
~ and = Is equivalent to
gcd(p, m) The greatest common divisor of p and m.
I, The identity matrix n x n.
1a The identity element of A.
Fa The trivial module.
Sta The Steinberg representation.
CharF The characteristic of F.
dimA The dimension of A.
IndA The set of indecomposable A-module.
IndsY The set of isomorphism classes of indecomposable direct
A-summands of Y.
modA The category of finite dimensional left A-modules.
Homa(X,Y) = (X,Y)4 | All morphism from A-module X to A-module Y.
Mor,, . (X)Y) The space of morphisms from X to Y.
E = FEnda(Y) Endomorphism algebra.
Irr(E(Y)) The set of isomorphism classes of irreducible E(Y)-
module.
modF The category of vector space over F.
MmodA The category whose objects are the covariant functors.
indS L = LY The induction F'G-module.
res$ (M) = M|y = My | The restriction F H-module.
PIM The projective indecomposable A-module.
vr (M) The vertices of the indecomposable FG-module M.




GL(m,p)

The general linear group.

SL(m,p) | The special linear group.
PSL(m,p) | The projective special linear group.
EF'S; The symmetric group algebra.
FC, The group algebra of cyclic groups.
FSL(2,p) | The group algebra of special linear group.
rad(A) | The radical of A.
soc(A) The socal of A.
ACC The ascending chain condition.
DCC The descending chain condition.
Kerg The kernel of g.
Img The image of g.
d.v.r The discrete valuation ring.
Syl,(G) | The Sylow p-subgroup of G.
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INTRODUCTION

The pseudoblock is the branch of block theory that it partitions the set of classes
of indecomposable modules in a very useful way. The origins of pseudoblock were in
the paper of Ahmed A. Khammash ¢ The Pseudoblocks of Endomorphism Algebras”,
written in 2009, [16]. In this work, he introduced the notion of pseudoblock of the en-
domorphism algebra E(Y) = End(Y) and showed the compatibility of the pseudoblock
distribution of the indecomposable A-summands of Y with the block distribution of the
simple F4(Y)-modules. In 2014, Ahmed A. Khammash [17] studied compatibility be-
tween the pseudoblock of endomorphism algebras and the tensor product, and he related
the Brauer-Fitting correspondence as well as the notion of pseudoblocks of endomorphism
algebras to the tensor product of modules and algebras.

In this dissertation, we borrow the notion “pseudoblock” from [16] to introduce it to
finite dimensional (not necessary endomorphism) algebras. We shall investigate the pseu-
doblock structure of several finite dimensional algebras. The dissertation is organized as
follows:

Chapter 0 is a background chapter collects all basic notions and results which are
needed for this dissertation.
Chapter 1, we introduce the concept of pseudoblocks of finite dimensional algebras A,
and we explain the concept of the Brauer linkage principle of finite dimensional algebras,
then we borrow the notion of pseudoblocks of an endomorphism algebra of a module and
introduce it for any finite dimensional algebras in the light of the Brauer-Fitting corre-
spondence, where we find that the pseudoblocks for the indecomposable A-summand of Y
is compatible with the block for the simple End4(Y)-module. Also, we introduce criteria
simplifies the determination of the pseudoblock linkage principle.
Chapter 2, we discuss the connection between the Brauer linkage principle ~ and the

pseudoblock linkage principle 2 where we find that the pseudoblock linkage principle

is stronger than the Brauer linkage principle.

Chapter 3, we revise the concept of tensor product of algebras and modules. Then we
prove that the notion of pseudoblocks is compatible with the tensor product. We also
study compatibility between the tensor product and the indecomposable A-module, and
Brauer linkage principle.

Chapter 4, we discuss the pseudo-block distribution of the indecomposable modules for
some various finite dimensional algebras such as semisimple algebras, the triangular alge-
bra A, the symmetric group algebra F'S3 in all characteristics, cyclic group algebra over
a field of characteristic prime number p, and p-group algebra.

Chapter 5, we determine the pseudoblock structure of the group algebra of special linear
group A = FG;G = SL(2,p) in characteristic prime number p. We have chosen the
group algebra A = FSL(2,p), because this is the only finite group of Lie type, which
is of finite representation type; i.e. A has finite indecomposable modules. Furthermore,
we introduce the complete set of projective indecomposable A-module as stated in [2],
and then we describe the complete set of indecomposable A-module as stated in the pa-
per of D. Craven [4], where we use the Green Correspondence theory, which relates the
isomorphism classes of indecomposable F'G-modules with isomorphism classes of inde-
composable F'Ng(U)-modules; So that we can use theorem (0.3.11). Also, we find the
block theory of A-modules as stated in [9].

vil



Finally, we determine the pseudoblocks of the group algebra A = F'SL(2,p) in charac-
teristics p, also we study the pseudoblocks of group algebra F'SL(2,p) in characteristics
p = 2,3 and 5, and then compare the block and pseudoblock theory of the group algebra
A in characteristics p.
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Chapter 0

PRELIMINARIES

We devote this chapter to recall some necessary background for the next chapters. Here,
we introduce the most important basic concepts in finite dimensional algebras.

0.1 ALGEBRAS AND MODULES

ALGEBRAS AND GROUP ALGEBRAS
First, we introduce the concept of algebra, and we recall its basic properties.

DEFINITION 0.1.1. (/13], p.227). Let F be a field. A is an algebra over the field F
or (A is an F-algebra) iff

1. A is a ring;
2. A is a vector space over F';
3. let A € F\Va,b e A. Then (Aa)b = A(ab) = a(A\b).

Furthermore, if A is a finite dimension, then A is called a finite dimension algebra

over the field F.
Note: The basic concepts of linear algebra can be taken from the following book [13].

EXAMPLE 0.1.2. ([13], p.227). Every a field (F,+,.) is an algebra over itself, in which
(F,+,.) is a ring, (F,+,.) is a vector space, and X\ € F,VNa, f € F then A\(af) = (M) =
a(AB).

See, examples in ([13], p.227).

DEFINITION 0.1.3. (/10], p.13). Let F be a field, and let A, B be F-algebras. A map
f:A— B is an F-algebra homomorphism (or f is an algebra map). if

fla+b) = fla) + f(b);
flab) = f(a) f(b);
f(ha) = Af(a);

f(la) =1p,Va,be A, X € F.

Moreover, F-algebra homomorphism Homp(X, X) = Endr(X) is endomorphism al-
gebra.



Also in this dissertation, we need to talk about group algebra, where group algebra is
an F-algebra.

DEFINITION 0.1.4. ([19], p.42). Let F be a field, and let G be a finite group, where
G ={9,92,-,9a : |G| = d}. Then FG = {Zle a;g; » «; € F,g; € G} is the group
algebra of G over F', which satisfying the following;

1. 2?:1 Qigi + Z?:l g = Z?:l(ai + ai)gi;

d d . d d o d d .
2. (Do aigi)(zj‘:l @jg;) = D im Zj:l Q0 9ig5 = Zk:l(Zz‘,j 0t ) Gk ;
3. )\(Zle ;g;) = Z?:1(>\Oéi)gz, where A € F.

Furthermore, if group algebra F'G is finite dimension, then the dimension of F'G is equal
to the order of the group G.

EXAMPLE 0.1.5. ([10], p.6). Let F be a field, and let G be the cyclic group of order
3, in which G =< x >, i.e. G ={x,2%1}. Then FG = {ry + rix + rox* : Vro,r1,r9 €
F & z,2%,1 € G} is group algebra, where F'G satisfies the definition (0.1.4).

More details on algebra are given in [10, 13].

MODULES AND REPRESENTATIONS
A vector space over a field F' is an A-module, where A is an F-algebra. Also, algebra A
and A-module are equivalent. So, we introduce the concept of A-module and some of its
properties

DEFINITION 0.1.6. (/19], p.8). Let G be a group. The vector space V' over the field
F' is called FG-module if a multiplication vz, (v € V,x,y € G) is defined, such that:

(i) ve € V;
(ii) (hv + kw)z = h(vz) + k(wz), (v,w eV, hkeF);
(iii) v(xy) = (vx)y;
(iv) lv =wv.
See, examples in ([10], section 2.1).

DEFINITION 0.1.7. (/19], p.10). Let V be an A-module. Then U is a submodule of
vV if

e U is vector subspace of V, (i.e. U CV);
e U is an A-module, i.e. ux € U, Yu € U and Vz € G;

in which if {0,} G U GV is an A-submodule of V. Then V is called reducible over F;
otherwise it is called (simple) irreducible over F.

DEFINITION 0.1.8. (/19], p.23). Let V be an A-module. Then V is semisimple
(completely reducible) if V =Uy @ Us® ... B U, where U;; Vi = 1,2,...,1 are (irreducible)
simple A-modules.

DEFINITION 0.1.9. ([13/, p.181). Let R be a ring with identity. Then the unitary

module H is a free R-module if it satisfies at least one of the following condition:



1. H has a non-empty basis;

2. H 1is the internal direct sum of a family of cyclic R-module, each of which is iso-
morphic as a left R-module to R;

3. H is R-module isomorphic to a direct sum of copies of the left R-module R.

In ([19], p.8), we find that an F'G-module is equivalent to the matrix representation.
Hence,

DEFINITION 0.1.10. (/19], p.3) A matriz representation over a field F of degree
m € N for a group G is a group homomorphism p : G — GL(m, F'), where GL(m, F') is
the general linear group of degree m over F.

See, examples in ([19], p.18).
REMARK.

1. General linear group GL(m, F) is the set of all non-singular m x m matrices with
coefficients in a given field F, in([19], p.3).

2. G = SL(m,p) is special linear group, where SL(m,p) ={X € GL(m, F) : detX =
1,CharF = p} from ([7], p.75).

3. It is well-known (see [19]) that the notions of matriz representation of a group G
over a field F (or algebra A) and FG-modules (A-modules) are equivalent. All
modules considered in this dissertation will be left modules.

DEFINITION 0.1.11. (/19/,p.4). If g : G — GL(m, F) is injective, then g is called

faithful representation.

Now, we recall some concepts of induced modules.

DEFINITION 0.1.12. ([6], p.228). Let FG be a group algebra, let M be a left FG-
module, and let H be a subgroup of G (i.e. FH C FG). Then the operation of the
restriction of scalars from group algebra F'G to FH assigns to each left FG-module M a
left F'H-module res$(M); we denote it by M|y or My.

DEFINITION 0.1.13. (6], p.228) Let F'G be a group algebra, let H be a subgroup
of group G where FH C FG, and let L be a left FH-module. Then the operation of
induction from F H-modules to FG-modules assigns to each left F'H-module L a left FG-

module ind$% (L) given by
LY = ind$(L) = FG ®py L.

i.e. if L is matrixz representation of H over a field F, then LE denotes the matriz repre-
sentation of G afforded by L.

The following theorem shows the dimension of induction L¢.

THEOREM 0.1.14. (/2], p.56). Let L be a left FH-module, and let LE be induction
from F'H-modules to F'G-modules. Then

dim ind% (L) = |G : H| dim(L).

More details on induced modules are given in [6].



THEOREM 0.1.15. (Lifting Process) ([19], p.58) . Let N be a normal subgroup of G
and let Ao(Nz) is a representation of degree m of the group G/N. Then

A(x) = Ap(Nx)

defines a representation of G, lifted from G/N.
Moreover, if M is an FG-module, M can be regarded as F (G /N )-module, where mx =
m(Nz);Ve € G,m € M is well-defined of G/N on M, hence N acts trivially on M.

Now, we introduce some notions related to an F'G-module homomorphism.

DEFINITION 0.1.16. (/19], p.24). Let F be a field, let G be a group, and let FG be
a group algebra, and let X, Y be an FG-modules. Then 0 : X — Y is an FG-module
homomorphism Hompa(X,Y) = (X,Y)rq if:

1. O(zx+y)=0(x)+0(y), Vr,yeX;
2. 0(\z) = N0(z), Vee X, AeF;
3. O(zg) = (0z)g, Ve X,geq.

DEFINITION 0.1.17. ([19]). Let F be a field, let G be a group, and let FG be a group
algebra, let X be an FG-module, and let 6 : X — X be an FG-module homomorphism.
Then 6 is an FG-module endomorphism.

Endpg(X)=4{0: X — X | 0 is FG-map}.

DEFINITION 0.1.18. ([13], p.31). Let A be an F-algebra, and let g : X — Y be an

A-module homomorphism.
1. The kernel of g is kerg = {a € X | g(a) = 0y € Y}, where Oy is the identity in'Y.
2. The image of g is Img={beY | Ja € X,g(a) = b}.

From important theorems of algebra that has been used the First Isomorphism The-
orem:

THEOREM 0.1.19. (First Isomorphism Theorem) ([15], p.44). Let A be an F-algebra,

and let g : X — B be an A-module homomorphism. Then = I'mg.

erg
More details on modules and representation theory are given in [10, 19].
Now, we introduce some concepts of p-modular system.

DEFINITION 0.1.20. (/6/, p.402). Let K be a field of characteristic zero, let R be
a discrete valuation ring (d.v.r), and let F' be a field of characteristic prime number p,
where F' = R/radR; radR is radical R. Then the system (K, R, F) is called p-modular
system.

More details on p-modular system and discrete valuation ring are given in [6, Chap-
ter2] and [6, p.81].

From concepts that we need it a lot in this dissertation are the decomposition matrix
and the Cartan matrix.



DEFINITION 0.1.21. (/3], p.17). Let F be a field, let G be a group, and let FG be a
group algebra. The decomposition matrizc D = (d;j),xs has rows indexed by the ordinary
characters x;; 1 < i <r of G and column indezxed by the modular characters ¢;; 1 < i <'s
of G, and the entry d;; is the multiplicity of ¢; in the modular reduction of x;. It is
known that DD = C = (¢;j)sxs; the Cartan matriz, where ¢;; is the multiplicity of ¢; as
a composition factor of the projective cover of ¢;.

REMARK. Let A = FG be a group algebra. Then
1. Let Stg be denote the Steinberg module for group G, see ([14], p.300).

2. The Steinberg module is the unique largest irreducible A-module, and also Stg is
projective indecomposable A-module as stated in ([12], p.256, p.259).

3. The dimension of St is equal to the order of a Sylow p-subgroup as stated in ([12],
p.250).

4. The diagonal form of decomposition matriz D corresponding to the blocks of FG,
see ([11], section16.3).

One of the most important concepts that we need it a lot in this dissertation is p-
regular. Hence,

DEFINITION 0.1.22. ([5], p.283). Let p be a prime number. An element g € G is
p-reqular if p does not divide the order of g. An element whose order is a power of p is
called p-singular.

Consequently, a conjugate class C' in G is p-reqular if all its elements are p-reqular.

The following theorem shows, how do we know the number of simple modules?

THEOREM 0.1.23. (/2], p.14). Let F be a field, let G be a group, and let FG be a
group algebra. Then the number of simple FG-modules equals the number of p-reqular
conjugacy classes of G.

EXAMPLE 0.1.24. Let F be a field of characteristic p, let G = S =< a,bla® = b* =
L,bab™ = a™' >, and let C; = {1}, Cy = {a,a®}, and Cs = {b,ab,a®b} be conjugacy
classes. If p = 2, then the group algebra F'G has 2 2-reqular conjugacy classes of G; it is
Cy and Cy; and if p = 3, then F'G has 2 3-reqular conjugacy classes of G; it is Cy and
Cg.

0.2 INDECOMPOSABLE MODULES

Indecomposable modules important type of modules. Here, we introduce the concept of
indecomposable modules, and some of its theorems. Details can be found in [2, 5].

DEFINITION 0.2.1. (/5/, p.81). Let A be an F-algebra. An A-module U is indecom-
posable if U # 0 and if it cannot be written as a direct sum of two non-trivial submodules
(i.e. U # by @ by, where by, by are non-trivial submodules). Otherwise, it is said to be
decomposable.

EXAMPLE 0.2.2. Z-module (Zs,+,) is indecomposable Z-module, while Z¢ = Z3 & Zo
18 decomposable Z-module.

We introduce the concept of idempotent, nilpotent, orthogonal, and primitive ele-
ments.



DEFINITION 0.2.3. (/3], p.11). Let A be an F-algebra, and let x,y be a non-zero
element in A. x is idempotent if x° = x, also 1 — x is idempotent.

If there exists a positive integer n such that y* = 0, then y is nilpotent.
Two idempotents x1,xo are orthogonal if x1x9 = x927 = 0.

An idempotent x is primitive if we cannot write x = x, + x,, with x,, x, are orthog-
onal idempotents.

Now, we introduce the concept of local algebra as follows:

DEFINITION 0.2.4. (/2], p.21). An F-algebra A is local algebra (or local) if and only
if every element of A is nilpotent or invertible.

The following lemma shows that, local algebra has only 0 and the identity idempotents.

LEMMA 0.2.5. ([10], p.135). Let E be a local F-algebra. Then the only idempotents
in E are 0 and the identity 1.

Proof. Let E be a local F-algebra. By definition (0.2.4), for all elements in E is nilpotent
or invertible. Let e € E be an idempotent, (i.e. ¢2 =¢€). Then 1, — e is also idempotent.
If e has inverse, and also (1, — e) has inverse. Let x € E, where (1, —e) =1,.

Then e = 1,e = 2(1, — e)e = ze — xe? = 0, this gives e = 0.

Also, There exists a € E such that ae = 1. Then e = 1,e = ace = ae? = ae = 1, this
givese =1,.

Accordingly, the only idempotents in £ are 0 and 1. [

The endomorphism algebra of U is local, if and only if U is indecomposable A-module,
as follows:

THEOREM 0.2.6. ([2/, p.22). Let A be an F-algebra. The A-module U is indecompos-
able if and only if End(U) is local.

DEFINITION 0.2.7. ([5], p.340). Let F be a field, let G be a group, and let FG be
a group algebra, let M be a left FG-module, and let My, Ms, ..., M,, where r in N be
indecomposable FG-modules component of M, i.e.

M = m1M1 EBTTLQMQ @ ...EBmTMr.

Then M is multiplicity free FG-module if all My, Ms, ..., M, appear exactly once, i.e.
my=myg=...=m, = 1.

The identity element of group algebra F'G can be written uniquely as a sum of com-
muting primitive idempotents as follows:

THEOREM 0.2.8. ([11], p.67). Let F be a field, let G be a group, let A = FG be a
group algebra, let 1 be the identity element of A, and let 1y = e; B es @ ... D e,, where
e;; 1 <i <n be a primitive idempotents. Then 1y =e1 D es B ... D e, 1S unique.

Now, we recall the definition of projective indecomposable A-module. From good ref-
erences for projective indecomposable modules are [3, 13]



DEFINITION 0.2.9. (/3], p.6). Let A be an F-algebra, let P be an A-module, and
let W, V be any two A-modules. There are A\ : P — V and p : W — V, where
p is epimorphism (i.e. p is an A-module homomorphism €& surjective), and there is
v:P — W. Then P is projective. It is shown in Figure (1). Moreover, if \: P — V
s an essential epimorphism, then P is projective cover for V.

 J
=

Figure 1:

REMARK. 1. P is a projective if and only if P is a direct summand of a free module
([13], p.192).

2. Let A be an F-algebra, and let N be an A-module, also we have an A-module epi-
morphism p: W — V. Then A-module homomorphism A : V — N is essential if \

is surjective, and if for each sequence of A-modules W £ V 2 N such that Al 1S
surjective ([6], p.131).

EXAMPLE 0.2.10. ([13], p.193). Let Z3, Zy be Zg-modules. There is Zg = Zo & Zs.
Then Zo and Zs are projective Zg-modules, because Zs € Zy are direct summand of free
module.

0.3 p-GROUPS

In this section, we introduce the concept of p-group, and finite group with a BN-pair. We
also recall their properties, which we need in this dissertation. The basics concepts of
group theory can be taken from the following book [13].

DEFINITION 0.3.1. (/13], p.93). Let G be a finite group, and let p be a prime natural
number. Then G is called p-group if every element in G (Vg € G) has order a power of
prime number as form: p",r € N, where g*" =1, (i.e. |g| = p"). Moreover, G is p-group

if and only if |G| =p".

DEFINITION 0.3.2. ([13], p.93). Let G be a p-group, and let U be a subgroup of group
G. If U is a p-group, then U is p-subgroup of G; i.e. Fach a subgroup U of p-group G is
also p-group.

The following definition shows the concept of the Sylow p-subgroup.

DEFINITION 0.3.3. (/13/, p.95). Let G be a group, |G| = p"m where gcd(p,m) = 1,
r is a non-negative integer (p" | |G|). Then the subgroup of G of order p" is called Sylow
p-subgroup of G, and denote for all Sylow p-subgroup of G' by Syl,(G).



THEOREM 0.3.4. (Third Sylow Theorem)([13], p.95). Let G be a finite group of order
n = p'm, where ged(p,m) = 1, r is a non-negative integer. Then the number of Sylow
p-subgroups of G divides |G|, and is of the form A\p+ 1 for some X\ > 0.

EXAMPLE 0.3.5. Let G = S3 =< a,bla® = b* = 1,bab™' = a™! >, the order of S3 is
6. We will find the Sylow 2-subgroup of Ss of order 2, and the Sylow 3-subgroup of S3 of
order 3.

Ifp=3, k=1+3\
At X\ =0=Fk =1, hence 1 | 6, and at A\ =1 = k = 4, hence 4 1 6. Then the Sylow
3-subgroup of Sy of order 3 is Az = {1,a,a?}, where A3 =< a > is cyclic.

Ifp=2, k=1+2\

AtA=0=k=1, hence 1 |6, at A\ =1=k =3, hence 3|6, and at A\ =2 =k =5,
hence 51 6. Then there are 3 Sylow 2-subgroups < b >, < ab >, and < a®b >, where they
are cyclic.

If algebra A has a finite number of indecomposable A-modules, then A has a finite
representation type as follows:

DEFINITION 0.3.6. (/11], p.78). Let A be a finite dimension F-algebra. Then alge-
bra A has finite representation type if and only if A possesses a finite number of non-
1somorphism classes of indecomposable A-modules.

If the group G has a Sylow p-subgroup, where it is cyclic, then the group algebra F'G
has a finite number of non-isomorphism classes of indecomposable modules, according to
the following well-known theorem.

THEOREM 0.3.7. (G. Higman) ([3], p.64). Let F' be a field of characteristic p, and
let U be a Sylow p-subgroup of G. Then the group algebra FG has finite representation
type if and only if a Sylow p-subgroup of G is cyclic.

Proof. The proof can be found in ([3], Corollary 2.12.9). O

The following corollary shows that the trivial module is the only simple module in a
p-group algebra.

COROLLARY 0.3.8. (/2/, p.14). If F is a field of characteristic p, and G is a finite
p-group, then the only simple FG-module is the trivial module.

Proof. The identity element is the only one of order not divisible by p, so by theorem
(0.1.23), F'G has a unique simple module, namely the trivial module [2]. O

The following proposition shows that every projective F'G-module has dimension di-
visible by the order of Sylow p-subgroup.

PROPOSITION 0.3.9. (/2/, p.33). Let F be a field, let G be a group, let FG be a
group algebra, and let U be a Sylow p-subgroup of G has order p®, then every projective
FG-module has dimension divisible by p®.

The following theorem shows that, for group G whose a Sylow p-subgroup is cyclic
normal, the indecomposable F'G-modules can be obtained as quotients of the projective
indecomposable modules



THEOREM 0.3.10. ([6], p.478). Let D be a cyclic normal Sylow p-subgroup of a finitely
group G, and let F' be any field of characteristic prime number p, not necessarily a splitting
field for G.

Let {U; : 1 <i < s} be a basic set of projective indecomposable FG-module, and let

D=<z:2" =1>, N=rad(FD)= (z —1)FD,
so N is nilpotent of exponent p®. Put
M;=U;/N'U;  1<j<pi1<i<s.
Then the s.p* modules {M;;} are a full set of non-isomorphic indecomposable FG-module.

From the previous theorem, we find that:

THEOREM 0.3.11. ([2], p.42) Let F be a field of characteristic p, let G be a finite group
has a cyclic normal Sylow p-subgroup, and let F'G be a group algebra. Then any indecom-
posable FG-module is a homomorphic image of the projective indecomposable module.

The following definition introduces the concept of a finite group with BN-pairs.

DEFINITION 0.3.12. ([7],p.561). Let W be a finite group. If
W =< 51,82,...,8,: (8;8;)"% =1 Vi, j >,
where the {m;;} are positive integers such that
mi; = 1,my; > 1 if i # j, and m;; = my; for all i, j.

Then W is called a finite Cozeter group. The pair (W, S) is called a finite Cozeter system,
where S = {1, S2,...,8,} is a set of generators of W.

EXAMPLE 0.3.13. The cyclic group of order 2; W =< S|S? =1 >, then W is finite
Coxeter group.

DEFINITION 0.3.14. ([7], p.576). Let G be a finite group, and let B, N be a pair of
subgroups of G. Then a finite group with a BN-pair satisfying the following axioms:

1. G=<B,N >;
2. BNN <N,

3. Let W = N/BNN, and for each w € W choose a coset representative w € N. Then
W is generated by a set S = {s1,82,...,5,} such that

and
for each w € W and each s; € S.

Details can be found in ([7], section 65).



0.4 CHAINS

In this section, we introduce the concept of composition series, in which we use it to
determine all indecomposable A-modules.

DEFINITION 0.4.1. ([13], p.375). Let A be an F-algebra, and let D be an A-module.
A normal series for D is a chain of A-submodules

D=Dy>DyD>DyD...0D,

is called composition series for A-module D if D;/D;yq for all 0 < i < n is simple A-
module, where D;/D;y for all 0 < i < n is called composition factors.

EXAMPLE 0.4.2. ([10], p.64). Let A be an F-algebra, let D = { (8 i) a,b,c e F}

be upper triangular matrices over a field F', and let D = A-module B,
a 0 a b
Bl_{(o 0) .aeF} & BQ_{(O 0) .a,bEF}.

OIB()CBlCBQCBg:B,

is composition series, because the dimension of composition factor B;/B;_1 for all i =
1,2,3, is one. Since every simple module has dimension one as stated in ([10], Example
3.2, p.61), then the composition factor B;/B;_1 is simple.

The chain

DEFINITION 0.4.3. ([9], p.255). Let A be a finite dimension F-algebra, and let D be
an A-module. Then D satisfies the descending chain condition (DCC) if every descending
chain of submodules is finite. Thus, D is Artinian, i.e.

Di DDy D> DsD ...
of A-submodules of D, there is r € N such that D; = D, Yi > r.

DEFINITION 0.4.4. ([9], p.255). Let A be a finite dimension F-algebra, and let B be
an A-module. Then B satisfies the ascending chain condition (ACC) if every ascending
chain of submodules is finite. Thus, B is Noetherian, i.e.

BlCBQCBSC...
of A-submodules of B, there is m € N such that B; = B, Yi > m.

Consequently, A is Artinian if the A-module A satisfies the DCC, or A is Noetherian
if the A-module A satisfies the ACC.

THEOREM 0.4.5. (Jordan-Holder Theorem) ([15], p.375). Let A be a finite dimension
F-algebra. Then any two composition series of A are equivalent.
Details can be found in [9, 13].

We will use the radical series in the determination of the indecomposable A-modules.
So, we introduce the concept of the radical series.

DEFINITION 0.4.6. (/2/, p.3). Let A be a finite dimension F-algebra. Then the radical
of A is equal to each of the following;

1. rad(A) is the intersection of all the mazimal submodules of A;

10



2. rad(A) is the largest nilpotent ideal of algebra A.
REMARK. ([3], p.1). Let M be an A-module. Then M /radM is the head of M.

DEFINITION 0.4.7. (/3], p.1). Let A be a finite dimension F-algebra, and let M be
an A-module. Then the socle of M is the sum of all the irreducible submodules of M, i.e.

soc(M)=m1 &ma® ... Hmy,,

where m; Vi = 1,2,...,n is irreducible submodules of M.
Moreover, if M = soc(M), then M is completely reducible (semisimple).

COROLLARY 0.4.8. (/2/, p.3). Let A be a finite dimension F-algebra. If radA = 0,

then A is semisimple.

DEFINITION 0.4.9. ([11], p.129). Let A be an F-algebra, let M be an A-module.
Then the radical series of M s

M =rad’(M) D rad" (M) D rad*(M) > ... D rad (M) = 0.
Also, the socle series of M is
0 = soc”(M) C soc'(M) C soc* (M) C ... C soc" (M) = M.

From ([18], section 8, p.25), there exists » € N such that rad”(M) = 0. By Loewy
series, then
M /rad(M)
rad(M)/rad?(M)
rad?(M)/rad®(M)

rad (M),

where the head is M /rad(M) and the socle is rad"~*(M). More details on Loewy series
are given in [11, 18].

The following theorem shows that, the head of projective indecomposable F'G-module
is isomorphic to socle of M.

THEOREM 0.4.10. (/2], p.43). Let F be a field, let G be a group, and let FG be a
group algebra, and let M be a projective indecomposable F'G-module. Then M /rad(M) =
soc(M).

The head of projective indecomposable F'G-module is simple as follows:

COROLLARY 0.4.11. (/2], p.41). Let P be a projective indecomposable FG-module.
Then soc(P) is simple.

The following definition shows the concept of uniserial module and uniserial algebra.

DEFINITION 0.4.12. ([7], p.505). Let A be a finite dimension F-algebra, and let M
be a finite generated A-module. Then M is a uniserial module if M has a unique composi-
tion series. Hence, every submodule and factor module of M is then also uniserial. While
A is called a uniserial F-algebra, if every projective indecomposable module is a uniserial
module.

Also, let N =radA, and let the radical series
MD>NMDN*M>...00
be a chain of submodules such that each quotient N*M/N*TM is semisimple A-module.
Then M is uniserial < N'M /N M is simple for all i =0,1,2,....

11



0.5 EXACT SEQUENCE

We benefit from this section in the determination of the constructing an indecomposable
A-module.

We first introduce the definition of exact sequence.

DEFINITION 0.5.1. (/9/, p.283). Let A be an F-algebra, and let Ay, Ay, As, ..., A, be
an A-modules. The sequence

A B Ay oAy By oA, Iy 4,

of A-module homomorphism f; is exact at A; if and only if
[m(fl) :ker(fi-i-l)a VZ:O,I,,n

A short exact sequence is an exact sequence, in which M is an A-module, and V,, submodule
of M, then

0=V, 5 MLV, >0, (1)

where i : V,, — M 1is inclusion map, and f : M — V,, is surjective map, also Im(i) =

ker(f).
REMARK. Since V,, submodule of M, then

0=V, 5 ML M/V, >0

is short exact, then from (1), V,, =i(V,,) a submodule of M, and V,, = M/i(V,,).

DEFINITION 0.5.2. ([9], p.283). Let A be an F-algebra, let
0=V, S Lv oo

be a short exact sequence of an A-module, and let V,., V,, be two submodules of A-module

M, where M' =V,, ®V,.. Then the short exact sequence 0 — V,, 2 V,®V, ER V. —=0 s
called split exact sequence.

Here, we introduce the concept of non-split extension, and we show the structure of
any indecomposable A-module M.

DEFINITION 0.5.3. ([6], p.175). The short exact sequence in definition (0.5.1) is
called a non-split extension of V,, by V,,. We denote it by Exts(V,,, V).
i.e. Exta(Vin, Vi) # 0, then M is indecomposable A-module.

Vin

The structure of M is Vo But, the short exact sequence in definition (0.5.2) is called a
split extension.
i.e., Exta(V,,V,) =0, then M" is decomposable A-module.

There are very important theorems to determine the structure of projective indecom-
posable A-module, which we need in chapter 5 they are:

12



THEOREM 0.5.4. (/2], p.76). There is a non-split short exact sequence of FG-modules,
1<i<p—1,

0=Vpisi =V =V, =0
THEOREM 0.5.5. ([2], p.77). There is a non-split short exact sequence of FG-modules,
l<i<p-1,

0=>Voy1is =V =2V, = 0.
THEOREM 0.5.6. (/2], p.47). Let V be an FG-module, and let P be a projective
FG-module. Then V ® P s also projective.

THEOREM 0.5.7. ([2], p.50). If2<n < p, then Vo @ Vyy 2 V.1 ® Vi1

0.6 CATEGORY

In this section, we describe a category modA. We also recall some of its properties, where
modA is the category of finite dimensional left A-modules.

DEFINITION 0.6.1. (/13], p.52). Let A be an algebra over the field F'. Then a category
1s a class modA of objects D, B, ... together with

1. A class of disjoint sets, every element of Hommeaa(D, B) is called a morphism from
D to B (Vf € Homuyeqna(D, B); f: D — B is A-map).
2. For all D, B,C € modA, there exists a function
HommodA(D, B) X HommodA(B, C) — HommodA(D,C),
is called the composition by (f,g) — go f such that f € Homueqa(D, B) and g €
Homyeaa(B, C); we have go f: D — C, in which
o Associativity. ho(go f) = (hog)o f, where f: D — B, ¢g:B—C, and h:
C — FE are morphisms of modA.
e The identity morphism on B, 1 € Hommeaa(B, B), where 1 : B — B,
f:D— B, and g: B — C such that
lgof=/f andgolg =g.
See, examples in ([13], p.53).
DEFINITION 0.6.2. ([13], p.465). Let A be an algebra over the field F, and let

MmodA be a category whose objects are the covariant functors.
K : modA — modF

15 a pair of functions, where modF' is the category of vector spaces over F'. The first, for
each the objects of modA X, then K(X) is object of modF.

The second, for each a morphism, t € Hompeaa(X, X"), where X, X' € modA, then
K(t) € Homuyear (K (X), K(X")) in modF such that:

o K(lx) = 1g(x) such that 1x is identity morphism of modA.
o For all f € Homyean(D, B), and for all g € Homueaa(B,C), then K(go f) =

K(g) o K(f), in which K(f) : K(D) — K(B) and K(g) : K(B) — K(C), where
composite g o f is defined.

Details can be found in ([13], Section X.1).

COROLLARY 0.6.3. ([15], p.4). If V.V’ € modA, then Mor,, .. (( ,V),( ,V'))#
0 if and only if (V,V') # 0, where Mor,, .. (( ,V),( ,V')) is denoted the space of
morphisms from (V) to ( ,V’).
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Chapter 1

THE CONCEPT OF
PSEUDOBLOCKS

In [16], the concept of the pseudoblocks of an endomorphism algebra of a module was
introduced in terms of its indecomposable summands. Here, we borrow this notion and
introduce it for any finite dimensional algebras.

1.1 THE PSEUDOBLOCK PRINCIPLE

Here, we present the concept of pseudoblocks of finite dimensional algebras, where we use
the notation = to mean “lie in the same pseudoblock of A” or “pseudoblock linkage

principle”.

DEFINITION 1.1.1. ([16], p.2366). Let A be a finite dimension algebra over the field

F'. Then the pseudoblock linkage principle P?A on the class of all indecomposable A-module

IndA as follows: If X, Y € IndA, then X 2 Y if and only if there is a sequence of

modules X = X1, Xo, ..., Xy =Y such that for all i € {1,2,...,t} either
(X, Xiz1)a # 0 or  (Xip1, Xi)a #0.

It is clear that P?A 18 an equivalence relation on IndA, and hence IndA is partitioned

into equivalence classes IndA/ o
PS

REMARK. In [16], let A be a finite dimension F-algebra, and letY be a finite dimension
A-module
Y=diY1edYod...0dY,.

The notion of pseudoblocks of an endomorphism algebra Enda(Y);Y in the category of
finite dimensional left A-modules (modA) in terms of the indecomposable direct summands
of the module Y, and it shows (Theorem (1.3.4)) that the pseudoblocks of Enda(Y") control
the (Brauer) linkage principle of the simple Enda(Y)-modules in the light of the Brauer-
Fitting correspondence. We will explain this in detail in the section (1.3).

1.2 THE BRAUER LINKAGE PRINCIPLE

In this section, we explain the concept of the Brauer linkage principle A on modA.

14



DEFINITION 1.2.1. ([3], p.13). Let F be a field of characteristic p > 0, and let A be
an F-algebra. If we can write 1 = e; + ex + ... + €., where 1 is the identity element in A,
and e; for alli = 1,2, ....,r are orthogonal central idempotents, then A = Bi@® B ®...® B,,
where B; = Ae; for alli=1,2,...,r are indecomposable as two-sided ideals. Thus, B; for
alli=1,2,...,7 are called the blocks of A.

Moreover, e; for all 1 = 1,2,...,r are primitive if and only if B; are indecomposable.

The direct summands of a module are unique up to isomorphism and order according
to the following well-known theorem.

THEOREM 1.2.2. (Krull-Schmidt Theorem) ([2], Theorem3). Let V be an A-module.
Ifv=vieVbd..aViandV =U, @ Us; d ... B U, are two decompositions into the
direct sum of indecomposable modules, then r = s and after suitable renumbering, U; = V;
forallt=1,2,...,s.

Proof. Let V.=Vi@oVo® ... dVyand V =U; @ Uy & ... @ U,. Then from definition
(1.2.1),Vi=Ve; Vi=1,2,...,sand U; =V f; Vj=1,2,...,r, wheree;, f; for all i, j
are primitive idempotents.

Let 1y be the identity element of V; it has the decomposition 1y =e; G es @ ... D e,.
From theorem(0.2.8), 1y = e; G ea & ... D e, is unique; ie. 1y = e; Dead ... Bes =
i@ fo®...® fr, where s =7, hence ¢; = f; V1 <i<r.

Then,

r

Pve = @ Vfi.
=1

i=1
Thus, V; =2 U, foralli=1,2,...,r.

The following lemma shows that, the blocks of algebra A are unique.

LEMMA 1.2.3. ([3], Lemmal.6.1). Let A be an F-algebra. If A= B, & By & ...® B,,
where B; = Ae;, e; is central primitive orthogonal idempotent for all i = 1,2,... r, then
the decomposition of A is unique, i.e. the blocks B; Vi =1,2,...,r. are unique.

Proof. From Krull-Schmidt Theorem (1.2.2), the decomposition of A is unique, i.e. the
blocks B; for all i = 1,2,...,r are unique. O]

REMARK. (/2], p.93).

1. We can distribute an indecomposable A-module M lies in the block B; (M € B;) if
B;M =M and B;M =0, where B; = Ae; for all j,j # 1.

2. If a module belongs to a block, then all of its composition factors belong to that block.

We can classify all indecomposable A-modules in blocks by the following theorem:

THEOREM 1.2.4. ([2], Section 13). Let A be an F-algebra, and let X, Y be two
simple A-modules. Then X, Y lie in the same block (i.e. X ~ Y ) if and only if there is a

sequence from projective indecomposable modules P; = Py, Ps, ..., P, = Py corresponding
the simple A-modules such that for all t € {1,2,... t} either

(P, Pii1)a#0 or (Py1,P)a#0.

Moreover, If X, Y are two indecomposable A-modules with there exists A-module homo-
morphism from A-module X to A-module Y ((X,Y)a #0), then X ~ Y.

More details on block theory are given in [2], [11].
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1.3 CONNECTION WITH THE BLOCKS OF EN-
DOMORPHISM ALGEBRAS

In this section, we study compatibility between the pseudoblocks of indecomposable direct
summands of the module Y and the Brauer linkage principle of the simple Enda(Y)-
modules by Brauer-Fitting correspondence. Then we introduce the notion of pseudoblocks
of indecomposable direct summands of the module Y for any finite dimensional algebra.

DEFINITION 1.3.1. (/17], p.897). Let A be a finite dimension F-algebra, where F is
an algebraically closed field of characteristic p > 0, let Y be a finite dimension A-module
and

Y=d\V1®dYo®...®dY,,

where Y; is indecomposable A-module, and let E(Y) = Enda(Y) be an endomorphism.
Then the Brauer-Fitting correspondence is a bijection between the set Irr(E(Y)) of iso-
morphism classes of simple E(Y')-module and the set Inds(Y) of isomorphism classes of
indecomposable direct A-summands of Y, where Inds(Y) = {Y1,Ya,...,Y,.}. Then the

Brauer-Fitting correspondence is given by the following bijection

P
Y; ( N SZ = ¢ N 11
radP; (1.1)

where P; = (Y;,Y) 4 is projective indecomposable E(Y')-module, radP; is the radical of P;,
and dimS; = d; represents the number of times Y; appears for all 1 < i <r.

REMARK. Connection between the representation theory of the endomorphism algebra
E(Y) and the representation theory of A in definition (1.3.1) is provided by Brauer-Fitting
Correspondence.

THEOREM 1.3.2. ([15], p.4). If S; o S;, then Y] X Y;.

(Y)
Proof. Let S; E%/ : S;. By theorem (1.2.4), there exists a sequence of projective indecom-

posable modules
Pi:PlaPQa"'vplf:Pjv

corresponding the simple E(Y)-modules such that for all » € {1,2,...,t} either

(Pr, Pr—i—l)E(Y) 7é 0 or (Pr+1, Pr)E(Y) ?é 0, (1-2)

but P, = (Y;,Y)a = Homa(Y;,Y), hence from (1.2),
Hompx (YY), (Yei1,Y) # 0 or Hompyy((Yes1,Y), (YY) #0 VI<r <t
Then the space of morphisms Mor,, . ((Y;,—),(Y;+1,—)) # 0 or
MOTJWmodA((K’+17 _)7 (Y}, —)) #0 Vi<r<it.
From Corollary (063)7 MOTMmodA((Y;’a _)7 (Y;"Jrl, _>> 7A 0 if and only if (Y;n7Y;+1)A 7£ O7
and
MOT]\/ImodA((Y;"i‘l’ _)7 (Y;“v _)) 7é 0 if and Only if (Y;”—H,Y;)A 7£ 0. Hence from theorem
(1.2.4),
(Y., Yii)a#Oor (Y1, Y )a#0 VI<r <t

Thus, Y; A Y;. O

But the converse of the theorem (1.3.2) is not true by providing a counterexample.
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EXAMPLE 1.3.3. ([15], p.6). Let F be a field of characteristic 2, and let G = SL(2,4) =
As.

From theorem(0.1.23), As has four 2-reqular conjugacy classes {(1), (123), (12345), (12345)%}.
Hence, A5 = SL(2,4) has 4 non-isomorphic classes of irreducible representations;

namely 1,21,25, and 4, where 1 is a trivial module and 4 is a Steinberg module (Stg).
Then there are four projective indecomposable modules.

Since Klein four V= Vj is subgroup of As, then V is the Sylow 2-subgroup of G, where

V = Cy x Cy is not cyclic (i.e. FG is infinite representations type).

Since |V| = 4, then the dimension of the Steinberg module is four.

Let Y = ind$(1) = FG ®py 1. From theorem(0.1.14), then
dim,Y = |G : V|dim(1) = |G|/|V| = 60/4 = 15.
From (Krull-Schmidt Theorem (1.2.2)) then,

2, 2,
Y=1a1la®lal (1.3)
2, 2

FG has two blocks. 1,21,25, and 4 are irreducible FG-modules, of which the first three ir-
reducible F'G-modules belong to the same block, and the last one is the Steinberg module 4.

Y is multiplicity free FG-module. Hence, from Brauer-Fitting correspondence in def-
inition (1.3.1), there exists one-to-one correspondence between indecomposable projective

21 29

FG-module {1, 1, 1,4} and the simple Endpg(Y)-module {11,1q, 13,104} respectively,
29 24

where dimy; =1 Vi ={1,2,3,4}.

The group G has a split BN-pair, in which B = (3 xL) v € Fi )\ e F4}, N =

{(g x01>u(2 ‘g):x,y,zEFj},andH:BﬂN:{h(x):<g xol):xeFi},

where H AN and N/JH =W =< w/w? = 1 > is Coxeter group.

The set of multiplicative F-characters of H is H = {x, : 7 =0,1,2}, where x.(h(z)) =
x" Vx e Ff.

Hence P(x,) = {w; € R: X¢|, w;,, = 1}, R = {w} is the set of simple generators, then
P(x,) = R ={w}, and P(x,) = P(x,) = ¢.

From equation (1.8), then

Y =Y, B) @Y (X1, 0) @Y (X2, ) ©Y (X, 0),

this means that the head M (x,, R) =1, M(x,, ®) = 21, M (x,, ) = 22, and M(x,, ¢) = 4,
where M (x., P(xr)) is composition factor of Y (x,, P(xy)).

The Simple EndFG<Y)_mOdUZe is ¢1 = ¢(X07R)7¢2 = w(XU(b)aw:a = ¢(X27¢)7 and

v, = ¢(X07 ¢)
From theorem 2 in paper ([15], p.5), then Endpra(Y') has three blocks as follows: {1},

2
{ty, 0} and {p,}. Then 1 =~ 1, but o, % o,.
FG 22 E(Y)
Thus, if Y; ='Y;, then S; % S; .
A E(Y)
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So from theorem (1.3.2), and example (1.3.3), the Brauer-Fitting correspondence is
not compatible with the (Brauer) block for the indecomposable A-summands of Y and
the (Brauer) block for the simple End4(Y)-modules.

Moreover, the concept of the pseudoblocks for the indecomposable A-summand of
Y is compatible with the block for the simple End4(Y)-module by the Brauer-Fitting
correspondence. The follows theorem shows it.

THEOREM 1.3.4. ([16], p.2367). S; E’(\ﬂ;) S; if and only if Y; =, Y;.
Proof. From theorem (1.3.2), if S; Er(’t;/) S;, then Y; o Y;. Since
(Yo, Yii)a#0 or (Yq1,Y)a#0 VI <r <,

then Y, ~ Y.
PSA

Conversely, if ¥; ~ Y}, then
PSA

(K’?K’—H)A?’éo or (Yr+1>Y7~)A7£O Vi<r <t

From corollary (0.6.3), if and only if Mor,, . (Y., —),(Yit1,—)) #0.
Then Hompnay)((Yr,Y), (Yr41,Y)) # 0. Since P, = (Y;,Y)a and Pyy = (Yo41,Y )4,

then (P,,«, PT+1)E(Y) 7é O, Similarly (Pr+1, PT)E(y) 7é 0.
Hence, every sequence of projective indecomposable modules

P’£:P17P27"'7Pt:Pj7

is
(P, Pri)eyy #0  or (Pg1, P )ey) #0 Vi<r <t

Since P;, P; are the projectives cover of two simple Ends(Y)-modules S;, S;, then from
theorem (1.2.4), S; ng) Sj. O

REMARK. The pseudoblock of finite dimensional algebras control the Brauer linkage
principle of simple Enda(Y')-modules by the Brauer-Fitting correspondence.

1.4 A USEFUL CRITERION

In this section, we prove a criterion (lemma 1.4.1) for having nonzero homomorphism
space between two indecomposable modules. This criteria simplifies the determination of
the pseudoblock linkage principle by looking at the composition series of modules.

As the pseudoblock linkage principle is defined in terms of a sequence of module
homomorphisms, the following lemma describes a criterion, which simplifies the relation

PSA’
LEMMA 1.4.1. Let X,Y € IndA. Then (X,Y)a # 0 if and only if 3K <4 X: X/K =

a submodule of Y.

Proof. Let (X,Y)4 #0. If 0 # f € (X,Y)4, where f : X — Y is an A-module homo-
morphism.
K =kerf<X,and X/K = Imf <Y from first isomorphism theorem.
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Conversely, if there exists K < X such that X/K =T <Y, then g : X/K — Y

and natural map 6 : X — X/K.

Hence, the composing f = gof: X — Y, then (X,Y)4 # 0.

This criterion is illustrated by the following picture.

X f Y

1N
N

Figure 1.1:

19
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Chapter 2

CONNECTION WITH THE
BLOCK THEORY

In this chapter, we study the connection between the (Brauer) linkage principle and the
pseudoblock linkage principle on IndA. We shall prove that the pseudoblock linkage
principle implies the Brauer block linkage principle. Most results of this chapter are
taken from [15], [16].

2.1 THE PSEUDOBLOCK PRINCIPLE IMPLIES
THE LINKAGE PRINCIPLE

The following theorem demonstrates the connection between the two equivalence relations

psA’ A’
THEOREM 2.1.1. Every pseudoblock linkage principle implies the Brauer linkage prin-
ciple, i.e. if X, Y € IndA, then

X =~ Y=X~rY.
PSA A

Proof. If X = Y, then from definition(1.1.1), there is a sequence of modules X =

X1, Xs,..., Xy =Y in IndA such that for all i € {1,2,...,t}, either

(Xi, Xiy1)a # 0 or (Xip1, X)a #0,
from theorem (1.2.4), then X; ~ Xit1 or X ~ X; for all i € {1,2,...,t}. Then all
indecomposable A-modules X = X1, X, ..., X; = Y lie in the same block. Hence, X ~ Y.

Otherwise, let My, My € IndA. If My and M, lie in the blocks By and B, respectively.
Then (M, M3)a = 0 and (Ms, My)4 = 0; i.e. we do not have a sequence of modules
My = Ny, Ns, ..., Ny = My in IndA, where for all i € {1,2,...t}

(Nm Ni+1)A # 0 or (Nz‘+1, Ni)A # 0.
Then M1 % MQ.

PSA
[l

REMARK. [t follows from theorem (2.1.1) that the pseudoblock linkage principle 2 18

stronger than the Brauer block linkage principle 0k
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2.2 AN ALGEBRA FOR WHICH THE TWOQO CON-
CEPTS DIFFER

In this section, we find that the pseudoblock linkage principle is different from the Brauer
linkage principle, which comes from the converse of the theorem (2.1.1). We find in the
example(2.2.1) that the converse of the theorem (2.1.1) is not true; i.e.

XY+ X ~ Y.
A PSA
EXAMPLE 2.2.1. In example (1.53.3), FG in characteristic 2 has two blocks. 1,21,2
and 4 are irreducible FG-modules, of which the first three irreducible FG-modules belong
to the same block and the last one is the Steinberg module 4.

21 2 21 2
Then, IndsFG = {1, 1, 1,4}, in which there are two blocks, By = {1, 1, 1} and By =
29 24 29 24
21 2
{4}, but the pseudoblocks of A = FG are {1}, {1, 1}, and {4}.
29 24
21
We find that the two indecomposable modules 1, 1 belong to different pseudoblocks of
29
2 2
A = FG, because there is no nonzero homomorphism from 1 to 1 and from 1 to 1, i.e.
29 29
2y 2
(1,1)A=0 & (1, 1)o =0. Hence,
29 29
2 2
1 ~ 1,butl % 1.
2% PSA 9

REMARK. In the previous example, it follows that in general some (Brauer) blocks of
A will split into a union of pseudoblocks, and so, we have

|[IndA/ ~ | < |[IndA/ =, .

Figure 2.1: SOME BLOCKS IN IndA SPLIT INTO UNION OF PSEUDOBLOCKS
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Chapter 3

CONNECTION WITH THE
TENSOR PRODUCT

In this chapter, we revise the concepts of tensor product of algebras and modules. We
also prove that the notion of pseudoblocks is compatible with the tensor product.

3.1 TENSOR PRODUCT OF ALGEBRAS AND MOD-
ULES

In this section, we revise the concept of tensor product of algebras and modules. The
results of this section can be found in several standard algebra text books such as [13].

TENSOR PRODUCT OF MODULES

Let R be a ring, let M be a left R-module (gM), and let L be a right R-module (Lg).
The tensor product of L and M over R is an Abelian group.

DEFINITION 3.1.1. (/6], p.23). Let R be a ring, let Lr and rM be right and left R-
module, and let G be an Abelian group (Additive). Then balanced map (middle linear map)
from Lx M to G is the function f : Lx M — G such thatVl,ly,ly € L, Ym,mi,my € M,
and Ya € R, where

1. f(lh +1y,m) = f(ly,m) + f(la, m);
2. f(lvml + m2> = f(lvml) + f<l7m2>;
3. f(la,m) = f(l,am).

DEFINITION 3.1.2. ([6], p.23). Let R be a ring, let M be a left R-module, and let L
be a right R-module. Consider the Cartesian product L x M = {(l,m):1 € L,m € M}.
Let (H,+) be the free Abelian group, which is generated by L x M.
H=<LxM>={Y",n;(I,m):le€L,meMn; €L},

H=<LxM>=1Z(Lx M).

Let K be the subgroup of H, which is generated by
K =< (li+l,m)—(l1,m)—(lo,m), (I,mi+me)—(l,m1)—(l,m2), (l,am)—(la,m) >

Vi, l1,ls € L, Vm,my,mqg € M, and Va € R.
The tensor product of L and M over R is the quotient H/K (i.e. the tensor product
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L % M is additive abelian group).

L%M:H/K:{t—l—K:tEH} ={(l,m)+ K:le Lme M}.
REMARK. (/13], p.208).

1. The tensor product L %) M s Abelian group;

2. The tensor product L @ M s quotient group;
R

3. Since H/K = L% M, then (I,m)+ K =1 %m, where
(Il,m) e K & (l,m)+K:K<:>l%>m:0L%M,
i.e. H/IK =L % M is generated by all elements (cosets) of the form (I %) m).
So, (I,m) has one of the following form

(I1 + lo,m) — (I3, m) — (lo,m) or

(I,m1 +mg) — (I,my) — (I,mq) or
(la,m) — (I,am);

Vi, l1,ls € L, Ym,my,my € M, and Va € R.

4. The zero of the tensor (0r,0n) + K = Opga is the zero element of the tensor.
R

5. We may have l@m =1"@m/, but | # 1" and m # m’', becaus
R R

(I,m)+ K=(U,m)+K;
(lym)—(U,m)+ K =K;
so, (I,m)—(',m") e K.

6. It is possible that L® M =0, but L #0 & M # 0.
R

Some computation in tensor product.

(ii) l®(m1+m2) = (l®m1)+(l®m2);
R R R
1) | =1 =af(l ;
(111) a(%)m %am a( %m),
(iv) l® 0y =0, @m =0, ® 0y =0ren-
R R R R
7. Let Lr and gM be two modules over a ring R, and leti: L x M — L ® M given
R

by (I,m) — [ ® m be a middle linear map. Then the map i is canonical middle

linear map.

8. The typical element of H is a sum Y. n;(l;, m;), where n; € Z, l; € L, and
m; € M. Hence, the coset L® M = H/K is of the form >"._, n;(l; ® m;).
R R

The following theorem shows that, the tensor product of two modules is a module.
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THEOREM 3.1.3. ([5/, p.70). Let G be a group, and let W, V' be two vector spaces
over the field F. If W, V are two FG-modules, then V @ W is an FG-module.
F

Proof. Let V, W are two FG-modules. From defintion (0.1.6), we have the following:

(i) vz e V;

(iil) v(zy) = (va)y, (y € G);

(iv

)

(i) (hvy + kvy)x = h(v1z) + k(vex), (vi,v0 €V, 2 € G, hk e F);
)
)

vl

Similarly; W is an F'G-module, because

(i) wy € W;

(i) (hwy + kwe)y = h(wiy) + k(wey), (w,we € W,y € G, hkeF ),
(il)) w(yz) = (wy)z, (y,2 € G);

iv)

Then, we prove that V' @ W is an F'G-module;
F
L vz@uwy=@Wweuw)zyecVaW;
F F F
2. [h(n <§I§> wy) + k(vy (%) ws)]zy = h(vy %) wy)zy + k(v2 % wo) Ty

= h(U1$ % wly) + k(v2$ % 1U2'y);

for all w,wy,wy € W, v,v1,v2 €V, 2,y,2,2y € G and h, k € F.
Then, V ® W is an F'G-module. O
F

EXAMPLE 3.1.4. Let Z be a ring, let (Zy,,®,) be a right Z-module, and let Q be a left
Z-module. Then, Z, ® Q =0, Vn. Let m € Z,, and let a4 € Q. Then
Z q

a
me—-=m@n— (neZ)

Zq z nqg’

a

=mngE —

Z qn

— 0oL =0
Z qn

DEFINITION 3.1.5. ([13], p.209). Let R be a Ring, andlet f: A — A’, g: B — B’

be two R-module homomorphism (R-map), where A, A" are two left R-module, and B, B

are two right R-module. Then there is unique R-module homomorphism fQg: AQ B —
R R

A'® B by f ® g(a®b) = f(a) @ g(b).
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TENSOR PRODUCT OF ALGEBRAS
Let F' be a field, let X, Y be two F-algebras. We will write X ? Y as follows X ® Y.

DEFINITION 3.1.6. (/19], p.85). Let V., W be two vector spaces over the same field
F, and let v; € V, w; € W. Then the tensor product of two vector spaces is V @ W =
F

> i (v @ wy), where ai;j € F.
: F
The following theorem shows that, the tensor product of two algebras is algebra.

THEOREM 3.1.7. ([5], p.72). Let F be a field, and let Ay, As be two finite dimensional
algebras over a field F (i.e. Ay, Ay are two F-algebras). Then Ay ® As is an F-algebra.

Proof. The proof can be found in ([5], p.72). O

COROLLARY 3.1.8. ([17], p.897). Let F be a field, let Ay, As be F-algebras, let Yy be
an Ai-module, and let Yy be an As-module. Then Y, ® Yy is an Ay ® As-module, in which

(a®b)(x®y) =ar by,

where for all a € A1,b€ Ay, x €Yy, andy € Ys.

REMARK. The radical of algebras satisfies

rad(Yy @ Y2) = rad(Y1) ® Ys + V) @ rad(Ys). (3.1)

3.2 COMPATIBLITY WITH THE TENSOR PROD-
UCT

Let F be a field, and let Ay, A; be two finite dimensional F-algebras.

THEOREM 3.2.1. ([17], p.897). LetY; be an A;-module, where i = 1,2. Then E(Y; ®
Ys) = E(Y1) ® E(Y2) as F-algebras.

LEMMA 3.2.2. ([/17], p.897). Let Ay, Ay be two finite dimensional F-algebras, and let
X;,Y; be two A;-modules, where i = 1,2. Then,

1. (Xla Yl)Al ® (X27 )/2)A2 = (Xl X XQ: Yl 0% YQ)A1®A2;
2. md((X1®X2, Yv1®Yv2)A1®A2) = [rad«Xlu le)141)®<*X27 }/'2)142]@[()(17 Yi)Al®7’CLd((X2, Y’Q)Az)]

Proof. 1. The map (f, g) — f®g is the balanced map, i.e. (X1, Y1)a, X (X2, Y2)a, —
(X1, Y1) 4, ® (X2, Y2) 4,
Then, (Xl X XQ,)fl X 5/2)141><A2 — (Xl,Yl)Al &® (XQ,S@)AZ. From theorem (321),
then (X1,Y7)a, ® (X2,Y2)4, = (X7 ® X0, Y1 @ Y2) 4,04,

2. From equation (3.1), ((radX;®X>)®(X;®radXs), (radY10Y2)®(Y1@radYs))
[rad((X1,Y1)a,) ® (X2, Y2)4,] @ [(X1, Y1), @ rad((X2, Y2)a,)] -

A®Ay

]

The tensor product of two indecomposable modules is an indecomposable module
according to the following theorem.
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THEOREM 3.2.3. Let F be a field, let Ay, Ay be two F-algebras, let M be an inde-
composable Ai-module, and let N be an indecomposable As-module. Then M ® N is an
indecomposable A1 ® As-module.

Proof. Let Ai, Ay be two F-algebras, let M be an indecomposable A;-module, and let N
be an indecomposable Ay-module. From theorem (0.2.6), End(M) and End(N) are local.
Hence, from lemma (0.2.5), the only idempotents in End(M) and End(N) are zero and
the identity 1.

Since from theorem (3.2.1), End,ga,(M @ N) = Endy, (M) @ Enda,(N),

then Endj,ga,(M @ N) has idempotents are zero and 1. Hence, Ends,ga,(M @ N) is
local. Thus, M ® N is an indecomposable A; ® As-module. O

The tensor product of two projective indecomposable modules is a projective inde-
composable module from the following lemma.

LEMMA 3.2.4. ([17], p.898). Let P be a projective indecomposable Ai-module, and let
Q be a projective indecomposable As-module. Then P ® @ is a projective indecomposable
A ® Ay-module.

Proof. Let P be a projective indecomposable A;-module, and let () be a projective inde-
composable As-module.
From theorem (3.2.3), P ® @ is an indecomposable 4; ® Ay-module.

Let P = Aja and (Q = Ay, where o and [ are primitive idempotents
PRQ=Aa® A8 = (A1 ® Ar)(a® B).

Since o, (8 are primitive idempotents, i.e. a? = a and 3% = 3, also o # a3 + as and
B # P1 + B2, where ayq, as, 1 and [y are orthogonal idempotents.

Then a @ f=a*® 2= (a® B)(a® ) = (o« ® B)% Hence, @ ® 3 is an idempotent.
Also, a ®@ B # (a1 + a2) ® (B1 + B2) = (a1 + a2) @ 1 + (1 + a2) @ B,

then a ® B # (o ® 1) + (g ® B1) + (g ® B2) + (e ® B2). Thus, @ ® § is a primitive.
So, P ® @ is a projective indecomposable A; ® As-module. n

The following theorem shows that, the tensor product of projective indecomposable
modules is compatible with the Brauer linkage principle.

THEOREM 3.2.5. ([17], p.898). Let P ® Q, P' ® Q' be two projective indecomposable
A, ® Ay-modules. Then

~ / /- . ~ D! ~ )
P®QA15A2P ®Q zfandonlyszAlP andQA2Q.

Proof. From theorem (1.2.4), let PRQ, P'®Q)’ be two projective indecomposable A; ® Ay-
modules.

P®Q N gA P’ ® @' if and only if there is a sequence from projective indecomposable
1 2

A1®A2—modules P@Q:P1®Q17P2®Q2,...,Pt®Qt:P/®Q/; such that

(P ® Qi, Piy1 ® Qiv1) a104, 7 0 0r (Pt @ Qig1, P ® Qi) a,04, 7 0.

From lemma (3.2.2), if and only if (P;, Piy1)a, ® (Qi, Qir1)a, # 0 or (P, Py)a, ®

(Qi+17Qi)A2 ?é 0 fOI' all Z - {]-7 27 s 7t}7
if and only if (P, Pi41)a, # 0 or (Piiq, P)a, # 0 and (Qy, Qix1)a, # 0 or (Qit1, Qi)a, # 0
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for all ¢ = {1,2,...,t}; where there is a sequence from projective indecomposable A;-

modules P = P, P,...., P, = P’ and there is a sequence from projective indecomposable
Ag-modules Q = Q1,Qs....,Q; = Q';
if and only if P ~ P’ and Q) ~ Q' H

It follows that the tensor product of simple modules is compatible with the Brauer
linkage principle as follows:

COROLLARY 3.2.6. Let X; ® X5, Y1 ® Yy be two simple Ay ® As-modules. Then

X1 Xy ~ YI®Yif and only if X1 = Y; and X5 = Y;.
A1®A2 Ay Az

The following theorem shows that, the Brauer-Fitting correspondence is compatible
with the tensor product of modules and algebras.

THEOREM 3.2.7. ([/17], p.896). Let Ay, Ay be two finite dimensonal algebras, and let
Y; be an A;-module, where i = 1, 2.

If X; € Inds(Y;) having Brauer-Fitting correspondents S; € Irr(E(Y;)), then X1 ® X5 €
Inds(Y1 ® Ys) with Brauer-Fitting correspondent S; ® Sa € Irr(E(Y: ® Y2)).

Proof. The proof can be found in ([17], theorem1). O

The tensor operation is compatible with the pseudoblocks of the endomorphism algebra
according to the following theorem.

THEOREM 3.2.8. ([17], p.896). Let Ay, Ay be two finite dimensional algebras, Let Y;
be A;-module, where i = 1,2, and let X1 ® X5, X ® X} € Inds(Y1 ® Y;). Then

X1 ® X ~ X @ X if and only if X1 ~ X] X, ~ XJ.

VON ey 1O Ko andonly Xy 2 XA X BN

Proof. Let X;, X] € Inds(Y;), where Vi = 1,2. Then X;, X] have Brauer-Fitting Corre-
spondents S;, S! € Irr(E(Y;)), whereVi = 1, 2.
Hence (X;,Y;)a,, (X[,Y;)a,, where i = 1,2 are two projective indecomposable E(Y;)-
module.

Let X1 ~ X AN Xo = X}
Ps P

Aq) S(A2)
<=>Sl ~ Si VAN SQ ~ Sé
E() E(Y2)
< (X, Y4, ~ (X, Y1)a, A (X9, Y2)a, ~ (X5,Y3)4, (by theorem (1.3.4))
E1) E(Y2)

& (X1, V)4, ® (X2, Y2)4, By (X1,Y1)4, ® (X3,Y2)4, (by lemma (3.2.4) and the-
1®Y2

orem (3.2.5)

<~ (Xl ® X9, Y1 ® )/2>A1®A2 E(Y%Y) (Xi ® Xé7}/1 ® }/2)A1®A2 (by lemma (322>> (1))

& 51 ® S, E(YT;@YQ) S; ® 5S4, (by theorem (3.2.7))

X ® X ~ X ® X, h 1.3.4)).
& X1 ® 2 s a 1 ® X1, (by theorem (1.3.4)) O

The following theorem shows that the tensor operator on algebras and modules is
compatible with the pseudoblock linkage principle.
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THEOREM 3.2.9. Let Ay ® Ay be a finite dimension algebra over the field F', where
Ay, Ay be two finite dimensional F-algebras; for each X1 ® X, X] ® X)) € Ind(A; ® As),
where X1 N X| € IndA; and Xo N X} € IndA,. Then

X7 ® X ~ Xi@ X, ifand only if X1 ~ X{ N Xo =~ X).
PS(A10As) PS(A1) PS(Az)

Proof. Let A; ® Ay be a finite dimension algebra over the field F'. For each X; ® X5 and
X ® X} € Ind(A; ® Ay).

Suppose X7 ® X» PS(A% » X{ ® X,. Then from definition (1.1.1), there is a sequence
1®A2

of indecomposable modules
X1 @ X =U1 @ V3,030 Va,...,U; @V, = X] ® X5,
in Ind(A; ® As), then either
(U; @ Vi, Upp1 ® Vig) o, 70 or (U1 ® Vi1, U; @ Vi) ay 04, # 0,
for all j =1,2,...,¢; from lemma (3.2.2),
& (U, Ujp1) 4, @ (V5 Vigr) a, # 0 or (Ujr1,Uj)ay @ (Viga, Vi)a, # 0

= (Uj7Uj+1)A1 # O and (‘G?‘/j-l-l)Az # O or (Uj+17Uj)A1 # 0 a’nd (‘/}—1—17‘/]')142 # 0
Vi=1,2. .t

Where there is a sequence of indecomposable modules X; = Uy, Us, ..., U; = X| in IndA;
and there is a sequence of modules Xy = Vi, V5, ..., V; = X} in IndA, if and only if

PS(Ay) PS(A2)
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Chapter 4

WORKED EXAMPLES

In this chapter, we investigate the pseudo-block distribution of the indecomposable mod-
ules for some known finite dimensional algebras. We shall give in detail the construction,
and the composition factors of each indecomposable modules, and then determine their
pseudo-block distributions. Because of the connection with the Brauer block theory, our
pseudo-block distribution will be based on the (Brauer) block distribution.

4.1 SEMISIMPLE ALGEBRAS

In this section, we find that the regular left A-module 4A is semisimple, and then A
is semisimple as algebra. We also give the composition factors of each indecomposable
modules, and then compare the two notions block and pseudoblock of semisimple algebras.

DEFINITION 4.1.1. (/10], p.91). Let A be an algebra over a field F. A is semisimple
if the reqular left A-module oA is semisimple.

THEOREM 4.1.2. ([13], p.452). Let A be an F-algebra. Then every simple algebra
A-module is a simple module over ring A.

The following theorem shows that, the group algebra is semisimple if the characteristic
of a field does not divide the order of a group.

THEOREM 4.1.3. Let F be a field, let G be a group, and let FG be a group algebra.
Then F'G is semisimple if the characteristic of F' does not divide the order of G according
to Maschke’s Theorem in ([19], p.21).

THE ALGEBRA OF MATRICES M, (F).
Let A = M, (F) be an algebra of all n X n matrices over a field F. We show that A is
semisimple algebra, and determine all finite dimensional A-modules (up to isomorphism).

We need to prove that A is semisimple algebra.
Stepl. Take any finitely generated A-module V' (notation: V' € modA). Then V is finite
dimension implies that V =V, @ Vo & ... &V, where V; € IndA.

Step2. Consider

(03] 1 0
Q3 0 1
S=Fr=<ca=| . |,qeF,={mer+...+apep oy € F};er=1| .|, ea=1].
o, 0 0
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‘ 0
mto, e, = | .
1
Define a left action of A on S by matrix multiplication. We note that S is simple A-module,

(03]

a
for if not then 30 ## W < S, and so, 30 # a = ,2 eW;a; #0r Vi={1,2,...,n}.

Qn
Now, if we take:
ith position
d
0 o' 0 h
ha
a= €A h=]| . |€Ss.
O O nxn h’?’L
: : 0 h
Then, h2 0 ao — hQ 0 ' _ .2 —heW.
h, 0 ... ... 0 hy, 0 ... ... 0/ \0O ha,

Therefore, S < W, and so, S = W.

Stepe3. We have 4A € modA = jA=11® ... D L,, where

0 ... A1y .. 0
0 ... a ... 0
vy = { . .27 . 3 iy € F}
0 ... Gpny ... 0
11 Q12 ... Qi
ao91 A2 ... QAg2n
Proof. Clear that L, < 4A, and for every a = ] ] € A;
Ap1 Gp2 ... Gpp
a1 0 ... 0 0 a2 ... 0 0 0 A1n
agq 0 ... 0 0 agy ... 0 0 0 .. Qop
we have a = i 1+ 1. S+ o+ ] . €
QAn1 0 ... 0 0 Apo ... 0 0 0 ... App
> iy L;; this representation is unique. Hence, 4A =L & ... ® L,. ]

Step4. Each L.,;v =1,2,...,n, is simple A-module. In fact, L, = S. To prove that
define A\, : S — L, as follows:

(0%} 0 ... (6 S 0
Qg 0 ... Qoy ... 0
A . ) =
ay, 0 ... apy ... 0 n
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It is clear that A, : S — L, is a bijective map, because \, is surjective;

0 ... (65
0 Oy

Also, A, is injective; V

0 aq
0 (0%)]
€L, 3| . € S such that
0 Qay,
aq 0 Ojl,y
(6D) 0 Aoy
A'Y( : ) = .
o, 0 Oy
a1 51
Q
? , 6,2 € S. Then,
Qp, B
(€3] B
Qi Ba
ML pP=M 0D
(o B
0 Ay 0 0 ... 517
0 Qo 0 _ 0 ... Bg,y
0 Oy 0 0 ... [y
aq 51
Qg . B
(o B

Thus, A, is bijective. Also, )\, is an A-map, because
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o Ioh a1 + b1
1D N R W R b
s Bn Oén_.FBn
0 a1y + By 0
B 0 oy + Boy 0
0 amv'Lﬁm 0
0 ay, 0 0 By 0
e Y ) P
0 ... apy ... O 0 ' @w 0
aq o
SV af))%( =)
o B
2.
B I 0 ... by 0
W el P e >((f e
Bn (15 0 ... p1fny 0
0 Biy 0 b
=y ! 6:27 " = pAs ( % ),
0 By oo 0 B
where p € F.

Therefore, L, = S is simple A-module.

It follows that, 4A =L & ...® L, is a direct sum of simple modules.

Therefore, 4A is semisimple (as module). From definition (4.1.1), then A is semisimple
as algebra. Hence, any V' € modA is semisimple. From stepl, then any indecomposable
A-module is simple.

Step5. To find the simple A-module. Suppose that N is simple A-module. Choose
0 # n € N, and define f, : 4A — N by (fu(a) = an). It is clear that f, is an
A-epimorphism, because

1. f, is an A-homomorphism, Va,b € 4 A, da € F, where

o fula+0b)=n(a+b)=na+nb= f,(a)+ fn.(b);
o fu(aa) =n(aa) = a(na) = af,(a).

2. f, is surjective, i.e. Yy € N,da € 4A, and n € N, then f,(a) =na =y € N.
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So, if K = kerf,, then K < A. From First Isomorphism Theorem (0.1.19), A/K = N
is simple A-module. It follows that every simple A-module is isomorphic to a simple
quotient (a composition factor) of 4A. But, we have the following composition series
for AA

WA=Li1®.. oL, DL ®.. oL, 1D...O0L1®LyD L. (4.1)

And for each v, we have
Li®..®L,/Li®..®L, 1 =L, =5

And so, every composition factor of 4A in (4.1) is simple. By Jordan-Holder The-
orem (0.4.5), A/K = S, and A/K = N, hence N = S. So

1. Every simple A-module is isomorphic to S.

2. Every A-module is isomorphic to direct sum of copies of S.

Since, every A-module is isomorphic to direct sum of copies of S, and A is semisimple
as algebra. Then the blocks of A are simple, hence all blocks do not split into union of
pseudoblocks. Therfore, we have the following:

THEOREM 4.1.4. For semisimple algebras the two notions (Blocks and Pseudoblocks)
coincide.

4.2 THE TRIANGULAR ALGEBRA A

a1 a2 ... Qaip

) ) 29 ... Qopn
A:{(aw)EMn(F)|aZ]:O,VZ>]}:{a: . X ;aijGF}

Qpn

is known to be of finite representation type (in fact uniserial algebra). We determine
indecomposable module, projective indecomposable module (PIM), and the pseudoblock
of A.

1. The algebra A acts on the space of column vectors
131
ta
U=F"= | tie Fs5Yi=1,2,....n p;
tn

by usually matrix vector product.

0 ap ... ... ai,
0 a3 ... a9
LEMMA 4.2.1. N = { Day €F1 < j} = rad(A),
0 ap1n
0

where radA is the radical of A, N is called strictly upper triangular matrix

Proof. By definition(0.4.6), rad(A) is the intersection of all the maximal submodule
of A. Hence, the maximal submodules of A is strictly upper triangular matrix.
Then, the radical of A is strictly upper triangular matrix. O
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LEMMA 4.2.2. The triangular algebra has n simple (in fact 1-dimensional) rep-
resentations.

ai 0 0
0 929 0
Proof. From theorem (0.4.10), A/radA = socA = _
0 0 Ann
Hence,
aj; 0 0 0 0 0 00 0
.. 0 0 ax ... 0 00 0
socA = A e, .. B S ICS )
0 0 ... 0 0 0 ... 0 00 ... anm

=505 ®...85,.

, where S; Vi ={1,2,...,n}; are simple A-modules. Then, A has n simple, where

dimS; =1V=1,2,...,n. O]
LEMMA 4.2.3. Let F be a feild, and let A be a triangular matrixz. Then 1, :
A— F (a— ay), wherev=1,2,... n, is algebra map.

Proof. For all a,b € A such that

ayl Q2 ... Qip b1 bz ... by,
a= 22 a?n ;Vaj; € F, and b = = b?n ; Vb € F,
o b
then,
o Yy(a+b) = (ay + bu) = Pu(a) + 1, (b);

=

S
~

Il

(ab>vv = Qypbyy = wy(a)wv(b);
) = Ay, = Apy(a), where A € F
o y(la) = (1a)ww=1€F.

]

These representations are mutually inequivalent (if ¢, = 1,,, we should have Kery,=Ker,,,
but clearly Kery,=Kery, = v = p).

U1 (%1

V2 :
.WehaveNU:{ : :viEF},andNiU:{ Vi :vieF}.
Un-1 0
0 0
SoU D NU D ... > N*'U D 0 is a composition series with dimN*"'U/N'U =
1;Vi=1,2,...,n. Also, N“"'U/N'U affords the 1-dimension representation 1, ;1
of A; so the series
UDNUDNUD...ON"'UD0

wn wnfl wn72 s wQ 1/}1

has composition factors as shown.
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4. Since the series above is also the radical series of U, it is the only composition series
for U. For if U’ # U is maximal in U, then U’ > NU, but NU is also maximal in
U. So U’ = NU. Similarly if U” # NU is maximal in NU, we find that U” = N2U,

.., ete.

5. By (4), each A-module U;, = N"*U/N™"""**U has a unique composition series
with composition factors of type ¥;,¥;_1,%; o, ..., Vi ai1-

Ui.a
tpi 1 NH—EU
IP-_1 Nn—i+1U
tp'_z Nn—£+2U

wr'—cr+1 T NH_E-HIU

Figure 4.1:

It follows that U;, = N"*U/N"""**U is indecomposable (i = 1,2,....,n & a =
1,2,...,4). (The number of such indecomposable module is 1 +2+3+ ...+ n =
n(n+1)/2 giving a complete set of indecomposable A-modules). Note that (by
looking at the composition series), U; , = U, 5 iff i = j and o = 3, and dimU, , = .
Also, U, ; affords the simple representation 1, because U; ;1 = N U /N"U = 4y,
in which U;; = N" 'U/N"""MU =4, (i) = ;.

Summarizing we have the following:

THEOREM 4.2.4. The A-module U;, =
n(n +

NP U /NY= ey, (= 1,2,....,n &
1
a=1,2,...,1) give a complete set of T> indecomposable A-module.

6. Now, we can find the PIM’s for A. We have A = L1 ® ... ® L,, where L, =

0 0 A1y . 0

{ : [ Qiy € F} Clearly L, < A and L, = N"*U from (5),
S
00 0 0 O

then U, , = N" *"U/N"U £ L,, i.e. (see (3)=2 U,,). Hence, Uy1,Usp,...,U,, are a
full set of PIM’s. Note that, composition factors of U, , = N" *U/N"U = N"°U
is as shown
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¥,
T NmvELY
tabv—l
1 N2y

1!’1 T N*TU
10

Figure 4.2:

Thus, we have the following result:

THEOREM 4.2.5. The modules Uy1,Usz,...,U,, give a full set of projective
indecomposable A-modules.

. We already had A=L1 & ... ® L, =) ., ~, Upo (sum of PIM).

Since rad(A) = N is non-trivial, A is not semisimple, because rad(A) # 0 from
corollary (0.4.8), and so A has a non-trivial block theory. However, this algebra is
known to be connected algebra; i.e. it has exactly one non-zero central idempotent,
namely the identity matrix n x n (I,,). Hence,

THEOREM 4.2.6. The triangular algebra A has a single block.
EXAMPLE 4.2.7. Take n = 2 it is easy to deduce the following:

PROPOSITION 4.2.8. Idempotents in A = (; i) C My(F) are {[2> ((1) /0\> )

(8 i\) ‘A€ F}, where x denotes elements in a field F'. The only central idempo-

* k)
tent of A = (O *) is 1.

Then, A has 2(2+ 1)/2 = 3 indecomposable modules U; , = N""'U/N"~"*°U (i =

L2 & a=1,2,...,i), namely Uy 1 = 11, Usy = ), and Uy s = ZQ all lie in one
1

pseudoblock, because there are A-module homomorphisms between all indecomposable
modules as follows:

Uz
$
Ui — Ui
ok %
EXAMPLE 4.2.9. Taken=3, A= [0 % x| C M3(F). This algebra has 3(3+
0 0 =
1)/2 = 6 indecomposable modules U;, = N"'U/N"""" U (i = 1,2,3 & «a =
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1,2,...,2.), namely U171 = ¢17 U271 = 1/)2, U272 = Zj, U371 = ¢3, U372 = zz, and
V3
Uss = 1y all lie in one pseudoblock, because there are A-module homomorphisms
V1
between all indecomposable modules as follows:
Usa
/I\
Uyg — Uss
T T
Uipg — Uys — Usgs
x ok k%
EXAMPLE 4.2.10. Taken =4, A = 8 ; I : C My(F). This algebra has
0 0 0 =
4(4 +1)/2 = 10 indecomposable modules U; , = N""U/N""tU (i = 1,2,3,4 &
o = 1,2,...,i), namely Upy = 1, Usy = ta, Usa = %, Usy = ths, Ugz = 2,
(G [
¢3 w 1/}4 ZZL
Uss = g, Uy = Yy, Uy = 4, Uss = W3, Uy = 3, all lie in one pseudoblock,
| | 2T gy T
U1 (e o

because there are A-module homomorphisms between all indecomposable modules as
follows:

Usn
T

Usp — Uip
) )

Usqg — Usa — Usg
) ) )

Uipg — Uys — Uszz — Uia

Now, we show in general that all the n(n+1)/2 indecomposable A-modules
Uoa = N"U/N"HU; (1= 1,2,...,n & a = 1,2,...,i) are related (either
ways) by homomorphisms:

* %k *
0 =% *
Take any n € Z, A = 00 C M,(F). This algebra has n(n + 1)/2
00 0 =«
indecomposable modules U; , = N"7U/N"" U (i =1,2,...,.n & a=1,2,...,1),
s s Ve
namely U1,1 =1, U2,1 = 1y, U2,2 = ) U3,1 = 13, U3,2 = ) U3,3 = 2/12, U4,1 = Uy,
(2 {2
(00
w 2[}4 iél w Q/}n
Uiz = ' Usg = 3, Usg = |, into Upy = ¥y, Upa = 7", Upz = -1, into
’ g’ T ’ Py ’ ’ Yy’
wz wl 77Z}n—2
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Un U
¢n— 1 wn

Uno = ., into U,, = __1 all lie in one pseudoblock, because there are A-
77Z}n—oc+1 ’QZJI
module homomorphisms between all indecomposable modules as follows:
Un,l
/I\
/I\
U471 — ... — Unm,g
T )
U3,1 — U4’2 — ... — Un’n_g
T T )
Ug,l — U372 — U473 — ... — Un,n—l
) T T )
U171 — U2,2 — U3,3 — U474 - ... — Un,n

8. Hence, all these modules lie in the same pseudoblock. So, we have the following:

THEOREM 4.2.11. For the triangular algebra, the block and pseudoblock notions
coincide.

4.3 FS; IN ALL CHARACTERISTICS

In this section, we explain the pseudoblock structure for the symmetric group algebra
A = FS3 over a field F in all characteristics, and then compare the two notions “block”
and “pseudoblock” in the category of F'.S3-modules.

First: Representation of G = S3 in characteristic zero and characteristic prime num-
bers (p' > 5); from Maschke’s theorem in ([19], p.21), then F'S3 completely reducible
(semisimple); because 016, 516, 716, ...and p' 1 |Ss].

From section (4.1), then for F'Ss the two notions (blocks and pseudoblocks) coincide.

Second: Representation of G = S; in characteristic 2. It is known that S; =
SL(2,2) 2 GL(2,2) =< a,bla®* =0* = 1,bab™' = a! >.
Therefor, in characteristic 2; from theorem (0.1.23), S3 has two classes of simple mod-
ule (it has 2 2-regular conjugacy classes < 1 >, < a > from example (0.1.24)); namely
the trivial module F and the 2-dimensional simple module Sts (The Steinberg repre-
sentation). It is known that S5 in characteristic 0 has 3 irreducible characters (x,: the
trivial, x,: the sing, and y,: the Steinberg characters). The sign and the trivial character
coincide over the field of characteristic 2 and Steinberg character remains irreducible. So,
the character table of Sy as stated in ([19], p.50),

1la/|b
. 1|11
X, | 1] 1]-1
Xs | 2|-1]0
This group has two 2-modular (Brauer) characters ¢, ¢o, where ¢; is the trivial char-

acter, and ¢, is the Steinberg character,
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¢ |1
g, [ 1]1

Then, the decomposition matrix of S3 is D =

10
110 2 0
: _ t __ —
ISC—DD—<001) 10 —(O 1).
01
Hence, it has 2 blocks; from theorem (2.1.1), hence at least two pseudoblocks.

Then

(1J (1) (1) , and hence the Cartan matrix

Fa

FSB:FG

@ Stg ® Sta.
REMARK. F'S5 is finite representation type, because Sylow 2-subgroup of Sz {< b >, <

a’b >, < ab >} is cyclic of order two. Hence, the number of indecomposable module is
(p—1)*+2.

Then, this group algebra has (2 — 1)? 4+ 2 = 3 classes of indecomposable module two

Feq

[ St and the trivial module F is the third indecomposable
€]

of them are projective

module.
Now, we find clearly that the pseudoblock distribution of the indecomposable modules

as following: {Fg, ?G}, and {Stg} which is identical with the (Brauer) block distribution.
G

Third: Representation of G = S5 in characteristic 3.
Let G = S5 and take F' to be a field of characteristic 3. It is known, by Higman’s criterion
(0.3.7) that the group algebra F'G is of finite representation type (Since its Sylow 3-
subgroup is cyclic from example (0.3.5)). We shall construct the complete set of
indecomposable FG-modules for S;. This comes out as a special case of a general
algorithm by theorem (0.3.10) for constructing the complete set of indecomposable
FG-module for a finite group G with cyclic normal Sylow p-subgroup. We have
G=S3=<a,bla®*=0*=1,bab™! =a™' > and H =< a >€ Syl3(G).
Also, H is normal subgroup of GG. The group algebra

FH=<a-1l(a— 1 =0>=F1® F.(a—1)® F.(a —1)%

(V.T S FG,.%' = )\01 + )\1@ + )\2@2 = )\01 + ()\1 — /\2)(& - 1) + ()\0 + )\1 — )\2)((1 — 1)2) has
the following unique composition series (since F'H is projective) as a left F'H-module
FH D> (a—1)FH D (a—1)*FH >0 (4.2)
| |
Fla—1)® F.(a—1)? F(a—1)°

Putting W, = FH/(a — 1)"FH, r = 1,2,3, we see (from a general theory (0.3.10)) that
W, € IndFH, and that {W;|i = 1,2, 3} is a full set of indecomposable F'H-module with
dimpW, = 1.

Note: Since H is 3-group and F' is of characteristic 3; it follows that H has only one

simple module namely the trivial F'H-module Fy from corollary (0.3.8), and W3 = FH
is the (only) projective indecomposable F'H-module, which is the projective cover of Fy.
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Define eg = 3(1 4 b),e; = 3(1 —b) € FG. Then € = ¢;;i = 0,1 and

1
2
beg = ey & bey = —e; [i.e. be; = (—1)jej] (4.3)

& bla—1)"=bla—1)b"b=(a'=1)b=(a>-1)"b=(a+1)"(a—1)"b.

Also, 1 = ey + e; and epe; = 0. Therefore, FG = FGey @ FGe,. Write V; = FGe;;
j = 0,1. Then, from the actions in (4.3), we see that V; = FGe; = F He; has an F-basis
{ej,(a — 1)ej, (a — 1)%e;}. Clearly, pyFH — Vj, (o — aej;a € FH) defines an FH-
isomorphism, and so (V;)g = FH, which means (since H € Syl3(G)) that V; €lndFG.
Note that, we can easily see that V = indfb>k = G ®,_,. kand V} = indfb>5 =
FG® e. Next, from (4.3), (a —1)"V; = (a — 1)"F'He; is an FG-module, and hence

F<b>

ViD(a—1)V; D (a—1)*V; 20

is a (unique) F'G-composition series for V.

We are now ready to give the full set of indecomposable F'G-module. Write Vj, =
Vi/la=1)"V;; j=0,1&r=1,23

V; D (a—1)V; D (a—1)*V; D0. (4.4)

Note: G has two (3-regular conjugacy classes; namely < 1 >, < b >) simple modules each
of dimension one, let Sy and S;.
The character table of S5 as stated in ([19], p.50) is

1] a
x, | 1] 1]1
X, | 1] 1]-1
Xs | 2|-1]0

This group has two 3-modular (Brauer) characters ¢, ¢o, where ¢; is the trivial char-
acter and ¢ is the Steinberg character given by the table

1
1)1
o, | 1]-1

110

Then, the decomposition matrix of F'S3 is D = (O 11

), and hence its Cartan matrix
1 10

10
01 1) 1 1] = (2 1),vvhich indicate the dimensions and compo-

01 L2
sition factors of each projective indecomposable module (i.e. it has one block).

isC':DDt:(

Summarizing, we have the following theorem:
THEOREM 4.3.1. 1. {V;,|j=0,1 8r=1,2,3} is a full set of IndFG.
2. Vi, 1s projective < r = 3, in which case V;3 = V.

3. {S; =V;1|j=0,1} is full set of simple FG-modules.
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4. Composition factors of Vi, Vi, Vie, and Voo are as shown

So Sy
S S
% ~ Sl; ‘/l ~ SO; ‘/l,Q ~ Sla ‘/0,2 ~ SO7
S() Sl 0 1

Hence indecomposable (6 isomorphism classes) are determined by sequence of com-
position factors concerned modules.

Proof. 1. {V;,|7=0,1& r=1,2,3 } is a full set of IndFG.

Let F' be a field of characteristic 3, and let G be a finite group with normal Sylow 3-
subgroup H. Then from ([6], proposition20.13 (ii), p.479) the number of indecomposable
FG-module is |G| = 6. Thus, indecomposable FG-modules are V1, Vo2, Vo3, Vi, Vi
and Vis. So{V;,|j=0,1&r=1,23}is afull set of IndFG, where the dimV}, =r
for all 7, 7.

2. V;, is projective < r = 3, in which case V3 = V.
Let r = 3 in which case V;3 =V

S FG=Voo W

Vo Vi
&G
(@— 1) (a1

S FG=VisdVig

, where (a —1)3 =0

& V3 is projective, because Vj 3 is direct summand of F'G (V;3|FG). Hence, V;, is
projective at r = 3, where 5 = 0, 1.

3. {S;=V;1]7=0,1} is full set of simple F'G-modules.
The conjugacy classes of S3 are {1}, {b,ab,a?b} and {a,a®}. Hence, there exist two

3-regular conjugacy classes of S3. Then from theorem (0.1.23), there are two simple

FG-modules Sy and S, where dimS; = 1 from ([6], proposition20.13 (i), p.479). Then
Vi Vo : . .

‘/171 = m = Sl and Vb,l = m = So, l1.e. {SJ = ‘/}'71’] = O, 1} is full set of

simple F'G-module.

4. Composition factors of V, V;, Vi 9, and 1}, are as shown

So Sh
S S
Vo~ 81 Vi S, Via~ g Voo~ o,
SO Sl 0 1

Hence, indecomposable (6 isomorphism classes) are determined by sequence
of composition factors concerned modules.

From 2., V;, and V; are projective indecomposable FG-module. From proposition
(0.3.9), then dimVy = 3 and dimV; = 3, because Sylow 3-subgroup H is order 3, then
every projective F'G-module has dimension divisible by 3, in which |F'G| = 6, hence
dimVy = 3 and dimV; = 3.

From (4.4), then the structure of complete set of indecomposable F'G-modules are
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Vo

Vo= Vos = —— 0~ S,
(a—1)3Vh S,
Si
Vi
also, Vi = Vig = o~ S
Vi Vo
f L then Vi = ——— = d -9  _g.
rom 3., then Vj 4 a—1v Sy and Vg1 a— 1% So;
Vo

from 1., Vo = where dimVj o = 2,

Yo Do
(a—1)2V, St
Vi

Sh .
and ‘/1’2 = m ~ SO, where dlm‘/l’g = 2.
m
From the Cartan matrix (? ;), F@G has one block (the principle block Bj) with
So Sh
2 projective indecomposable modules V5 = S; and Vi = Sy, and we have the following
So St
S 51
decomposition pg,F'S3 = Vo @ Vi = 51 @ Sp; i.e. every indecomposable FG-module in
So S

the same block. In fact, F'G also has one pseudoblock, because there exist F'G-module
homomorphisms between all indecomposable F'G-modules as follows:

s, S g
Sp 0 8 = Sy =T S,
S So
So S

Summarizing, we have the following conclusion:

THEOREM 4.3.2. The blocks and pseudoblocks coincide for the group algebra F'S3 for
any field F.

4.4 THE CASE A = FC,; n=ple; pfe.

Here, we shall construct a complete set of indecomposable F'C),-modules, and then com-
pare the two notions “blocks” and “pseudoblocks” in the category of F'C,-modules. Since
FC,, is semisimple when the characteristic of F' (CharF') { n, it is enough to consider the
case when CharF = p.

It is known (see [2], p.24, p.25, and p.34) that A = FG; G = C,, has e simple mod-
ules, because G has n conjugacy classes, but GG has e elements of order is not divisible by
p; then, G has e p-regular conjugacy classes from theorem (0.1.23). Also, F'G has a total
of n = p®e indecomposable modules, because F' is a field of characteristic p, and C), is
finite group with cyclic Sylow p-subgroup P, then from ([6], proposition20.13, p.479), the
number of indecomposable FG-modules is |C),| = n = p“e.

We now describe the (n = p®e) indecomposable (of which e are simple) F'G-modules.
There are e simple modules {Sy|\ is an e-th root of 1} are all 1-dimensional, where Sy =
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F on which G acts by multiplication with A. For each integer 1 < m < p®, there is
a uniserial module L) ,, of dimension m with each composition factor isomorphic to Sy
(note that Ly, = Sy).

Consequently, the group algebra F'G has (¢¢ — 1) is nilpotent element, hence N =
(9¢ — 1) is rad FG from definition (0.4.6) and from definition(0.4.12). So, we have the
radical series

LyDNLyD N*LyD>..D>NML,=0. (4.5)

Thus, Ly/N™L, is composition factor VA = 1,....,e, and Vm = 1,2,...,p* So, Ly, =
Ly/N™Ly, YA =1,2,...,e and Ym = 1,2, ..., p” given all indecomposable F'G-modules.
Accordingly, The set {Ly |\, m} gives a complete set of n = p®e indecomposable FG-
modules, and {L, ,«|\} are the complete set of projective indecomposable F'G-modules
(L pe is the projective cover of Sy). Then,

first: the structure of all simple F'G-modules are S; = L7, S2 = La;, into,
Se=1Le1 = NL—LEE, where dimS, = 1.

Second: the structure of all projective indecomposable F'G-modules are

S Sy Se

Sl 82 . L e . a
Lipe ~ , Loy~ , into Lepe = 5555 ~ ., where dimL) yo = p®.

Sl SQ Se

Finally: the structure of all non-simple and non-projective indecomposable
FG-modules are

S
SH . L A .
Ly ~ g Lys ~ S, into Lype—1 = jpoorp; ~ ., where dimLy poy = p* — 1.
\ :
S .
A S,
We also have FFG = FC, = Zig Lype. Clearly, FG = FC, has e Brauer p-blocks
{B/\}1<,\< , where B, = {L,\ﬁm; 1 <m< p“} . All indecomposable FC,-modules
SAse 1<X<e

in the block B, are uniserial with all of its composition factors isomorphic to Ly; = Si.
Therefore, they all lie in the one pseudoblock B,, because there exist F'G-module ho-

momorphisms between all indecomposable FFG-modules in By, VA = {1,2,3,...,¢e} as
follows:
Sx
S)\ S)\
Sy—= S =Sy — ... = O
SH .
S :
Sx
EXAMPLE 4.4.1. Take A = FCg;6 = 3.2, CharF = 3. We have 2 simple mod-
ules S1,S_1 among 6 uniserial indecomposable F'Cs-modules Ly = Si, L1 ~ gl, Liz~
1
St g S_q
Si,L_1qp = S4,L_19 ~ S_l,L,Lg ~ S_q1. It is clear that FCg has 2 pseudoblocks
Si ! S_1

L1,1 =51, L1,2, L1,3 and L—1,1 = S5_1, L—1,2, L—1,3-

Therefore, we have the following:
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THEOREM 4.4.2. IfA = FG,G = C,; n = p“e; p1 e in characteristic p, then A = FG
has e pseudo-blocks. Hence, the blocks and pseudoblocks, coincide in this case.

4.5 p-GROUP ALGEBRA

Let F be a field, let G be a p-group, and let A = F'G be a p-group algebra.

If the characteristic of F' is not equal to p (i.e. charF' { |G|), then FG is completely
reducible (semisimple) according to Maschke’s theorem in ([19], p.21).
Thus, from section (4.1), then for F'G the two notions blocks and pseudoblocks coincide.

While if the characteristic of F' is equal to p, and G is a p-group, then the only sim-
ple FG-module is the trivial module Fg, where dimF; = 1, as stated in the corollary
(0.3.8).

Hence, the group algebra F'G contains one projective indecomposable module.

Then, the construction of all indecomposable F'G-modules contains the trivial composi-
tion factor Fg. Clearly, the p-group algebra F'G has a single block B, which contains all
indecomposable F'G-modules.

Hence, there exist F'G-module homomorphisms between all indecomposable F'G-modules
in B as follows:

Fg
F FG FG
Fo— ¢ 5 Fg— ... = Fa
Feq .
Fg :
Fg

Then, the block B does not split into union of pseudoblocks. We summarize this result
as follows:

THEOREM 4.5.1. The blocks and pseudoblocks coincide for the p-group algebra FG
for any field F.

Combining Theorems (4.4.2), (4.5.1) above we have

THEOREM 4.5.2. Let A = FCy; q = p*e. Then IndA/ = IndA/ = for any field F.
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Chapter 5

THE PSEUDOBLOCKS OF
FSL(2,p) IN CHARACTERISTIC p

In this chapter, we shall determine the pseudoblocks of the group algebra F'SL(2,p),
where CharF = p. We shall follow the paper of D. Craven [4] in which he gave a full
description for the complete set of indecomposable F'SL(2, p)-modules. We shall compare
the block and pseudoblock theory of the group algebra F.SL(2,p).

5.1 THE SIMPLE FSL(2, p)-MODULES

It is known that if p is odd prime, then G = SL(2, p) has p 4+ 4 conjugacy classes, where
G has p conjugacy classes which are p-regular while if p = 2, then G has p + 1 conjugacy
classes, where G has p conjugacy classes which are p-regular as stated in ([8], §38) and
([2], p-14); so the number of simple F'SL(2, p)-modules is p. We now describe those simple
modules; G acts on the space of column vectors V over F' (= F?); hence V, is an FG-
module. We write X = (é), Y = ((1)), and so if g = (CCL Z) € G, then gX =aX + Y
and gY = bX + dY. Hence, the action of each g € G = SL(2,p) extends to an auto-
morphism of the polynomial ring F[X,Y]. Let V,, be the subspace of F[X,Y] consisting
of homogeneous polynomials in X, Y of degree n — 1. In particular V,, is an F.SL(2,p)-
module (V3 is as before). Dim,.V,, = n, and has an F-basis consist of the polynomials
Xl xn=2y, o ynL

10 11

: 1>,h:<0 1) e
We shall consider V,,;; is an F' < g >-module and V,,; is an F' < h >-module. Let X™ be
a generator of the F' < g >-module V1, and that the subspace F'Y™ is the socle, where
FY™ spanned by Y™.

Also, Y™ is a generator of the F' < h >-module V,,,1, and FX" is the socle as stated in
(12], p15)

Suppose that W is a non-zero submodule of V,, 1,

We shall now prove that V,,,; is simple at 1 <n < p. Let g =

W < Vi, (5.1)

Hence, W is an F' < g >-submodule. So, W contains of a simple F' < g >-submodule,
but F'Y"™ is only simple F' < g >-submodule in V,,11, s0 Y" € W.
Therefore, the F' < h >-module V1 generated by Y,, (i.e. Y™ € V,,,4) is also contained
in W

Vo1 < WL (5.2)
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From (5.1) & (5.2), then W = V,, ;. Hence, for all 1 < n < p, V41 are simple F'SL(2, p)-
modules.

Therefore, we have the following:

THEOREM 5.1.1. ([2], p.15). The FSL(2,p)-modules V1, Vs, ..., V, are the complete
set of simple FG-modules, where Vy is the trivial FSL(2, p)-module, and V), is projective
indecomposable F'SL(2,p)-module (the Steinberg representation). Also, dim,V, = n for
all 1 <n <p.

We can classify all simple F'SL(2, p)-modules as follows:

LEMMA 5.1.2. The odd-dimensional simple modules are modules for projective lin-
ear group PSL(2,p), and the even-dimensional simple modules are faithful modules for
SL(2,p).

Proof. The normal subgroup of G = SL(2,p) is the center of SL(2,p);
Z(SL(2,p)) ={A € SL(2,p) : AT =TA VT € SL(2,p)}.

Then, Z(SL(2,p)) = {£I,} < SL(2,p). Hence, the projective linear group PSL(2,p) =
SL(2,p)/Z(SL(2,p)).

We use Lifting Process theorem (0.1.15), hence

10 (10 _ (aX +cY 0
let (0 1)‘/2_<O 1>aX+cY—( 0 aX—i—cY)'Then

det (aX +cY 0

0 aX + CY> = (aX +cY)(aX +¢Y)

=a’X?% + 2acXY + 2Y?
so {X?2 XY,Y?} is the basis of V5.

-1 0

Also, det< 0 1

) Vo € V3, (i.e. V3 contains det(ZV3), where Z = Z(SL(2,p))).

Let

det (é (D Vo= (X2 4+ XY +Y?)(X?2+ XY +Y?)
= X'+ 2X3Y +3X2Y? 4+ 2XY3 + V4,
so {X* X3, X?Y? XY3 Y*} is the basis of V;.

Also, det <_01 _01) Vs € Vs, (i.e. Vs contains det(ZV5)).

Let

det <é ?) Vi= (X e XY 4 YT (XT XY LYY

— X2if2 +X2i73y 4+ _i_Xiflyifl N _i_Xiflyifl _i_XzfQ}/’L_i_
L YE2
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so {X" 1 X"2Y, ..., Y"1} is the basis of V.

Then, V; contains detZV; for alli = 1,2, ..., p, where j is odd number. Then PSL(2, p)
contains the odd-dimensional simple modules, but the even-dimensional simple modules
are faithful modules for SL(2, p). O

More details on PSL(2,p) are given in ([8], §35).

5.2 THE PROJECTIVE INDECOMPOSABLE
FSL(2,p)-MODULES

From theorem (5.1.1), the group algebra F'SL(2,p) has p simple FG-modules; and they
are V1, Vs,...,V,, where V; is the trivial F'G-module and V,, is the Steinberg module, in
which dimV,, = n, for all 1 < n < p. It follows that, F'SL(2,p) has p projective inde-
composable modules, because all projective indecomposable F'G-modules corresponding
to simple F'G-modules. The indecomposable F'SL(2,p)-modules P, Ps, ..., P, are the
complete set of projective indecomposable F'G-modules, where P, =V,

Now, we determine the projective indecomposable F'G-modules from ([2], p.48,
p.51 and p.78).
rad(Py)

soc(Py)
1+ (p —2) + 1 = p, hence the structure of P, is

Py is uniserial from theorem (0.5.4), then = V,_o if and only if dim P, >

Vi

Vi

If p = 2, then P; has two factors V; and V;.

d(P,_
P,_1 is also uniserial. If p > 2, then from theorem (0.5.5), hence M >V, if
soc(Py_1)

and only if dim P,_; = (p—1)+2+ (p—1) = 2p.
Then, the structure of P,_; if p > 2 is

Vps
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Vo ® V,, is projective by theorem (0.5.6) and from theorem (0.5.7); V5 ® V), has a sub-
module isomorphic with V,,_1, also the quotient of this submodule is isomorphic with V,,1;.

We know that, every projective submodule of a module M is a direct summand of M, then
Vo ® V, has direct summand which is indecomposable, and it has submodule isomorphic
with V,,_1, where V,_; is socle of P,_;, then V5, ®V, has a summand isomorphic with P,_;.
P,_; has dimension at least 2(p — 1), but P,_; has dimension 2p at p > 2, and V2 ® V,, is
2p-dimension, then

VoV, = Pyt

Va®Vp o

Let V = soc(Va ®@V,) = V,_1, N = rad(V, ® V,), and

(0.4.10) and corollary (0.4.11).
If N is the unique maximal submodule of V,&® V), and V' is the unique minimal submodule,
ALAN

= p+1‘

Vp—1, from theorem

then we have

N
We need to prove that v = Vo Let f @ Vo — Vi, also X & Y are sent to

XP & YP| respectively, where F[X,Y] — F[X,Y] is an FG-module homomorphism,
one-to-one and onto, then f is an F'G-module isomorphism. Then, V,,; has a submodule
isomorphic with V5. Hence,

LWV, . Va@ Ve oo
BOhay, g BBy,
N
— V5.
50, Vv 2
Then, the structure of Vo ® V}, is
Vi,
Va
Vo1
d(P,
Finally, if 1 < n < p—1, P, is uniserial, then from theorem (0.5.5), % = Voii-n
soc(P,
d(P,
and from theorem (0.5.4), then M = Vy—1—n. Now, at 1 <n <p—1, thus
soc(P,)
rad(P,)

= D Vp_in
soc(P,) pri-n & Vp-1

if and only if dimP, =n+n+(p+1—n)+(p—1—n) = 2p.
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Then, the structure of P, if 1 <n <p—11is

Va
‘/;)—l—n ‘/;p+1—n
V

e

Now, if P,_, is projective. We study P,_, by examining Vo ® P,_;.

Vo ® P, is projective, because P,_; is projective, and by theorem (0.5.6) then Vo ® P,_;
is projective.

Then, Vo, ® P,_; has composition series Vo @ V,_1, Vo ® V5, and V5, ® V,,_; by theorem
(0.5.5); that is isomorphic with V,_o &V, V1 @ V3, and V,_» &V}, by theorem (0.5.7).
Since V,, is projective and V,_ is homomorphic image, then V5 ® P,_; has a direct sum-
mand isomorphic with P,_o @V, @V}, but at p = 3 then P, ® V5 & V3 @ V.

Then, P,_, has two composition factors, where the radical and socle are V,,_5. From theo-

d(P,—
rem (0.5.4) and theorem (0.5.5), we deduce that ra T p-2) (( P 2))
soc(Py,_s
factor, but if p = 3, then just Vi; so P,_o = P;. P

rad(P,_s)
s00(Py—2)
rad(P,_s)
soc(Py_2)
semisimple, then it must be uniserial (i.e. it has unique composition series), where it has
just two composition factors.
rad(P,_

Let —( i)
soc(Py_s)
p.38). When taking dual the composition factor, we will exchange their order, but P, o
is isomorphic its dual, because P, is the indecomposable projective corresponding with
soc(Py_q)* = Vig =V also, Rad(P;_Q) 2V, =V

has V; and V3 are composition

We need just see that is isomorphic with V; @ Vs.

We need to prove is semisimple; we prove it by contradiction. If it is not

be not isomorphic with its dual (more details on dual are given in [2], §6,

rad(P,—
From the relations between radicals, socles, and duality imply that P2/ i3 isomor-

soc(Ppy_2)
rad(P; ) rad(P,_s)

— ————=" is semisimple.
soc(Py_q)* soc(Ppy_s) 15 SCIISHHD

phic with . This is contradiction; hence
Next, we have established the structure of P,_s.
Let P, V2 <n < p— 1, be projective the composition series is Vo @ V,,, Vo & (Vp41-r, &
Vo—1-n), and Vo ® V,,. Therefore, from theorem (0.5.4), theorem (0.5.5), and theorem
(0.5.7), hence that is isomorphic with V,,_; @& V41,V @ Vippyo @ Vo, @V, and

Voo1 @ Vg, But, if n = p — 2, then the term V,,_,,_5 should be deleted, so
rad(Py_z)
soc(Pp_2)

Then, the composition series of P, 5 is Vo ® V,_2, Vo ® (V3@ V1), and Vo ® V,_o; that is
isomorphic with V,_s ® V,_1, Vo ® Vo ® Vy and V,_3 & V,_;.

=Vie s
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Thus, the structure of P, is
Vo
Vi Vs
Vo
The following theorem summarizes the structure of the projective indecomposable
FSL(2,p)-modules.

THEOREM 5.2.1. (/2], p.48). The projective indecomposable F'SL(2, p)-modules have
the following structures:

Py P,l<n<p-—1 P, _y;p>2

Vo
‘/;972 V;vnflfn V;o+lfn ‘/2
V,

Vi Vo1

e

Vi , " , Vo1 , and P,.

Py and P,_y are uniserial, while P, = Stq is simple projective.

5.3 THE INDECOMPOSABLE FSL(2,p)-MODULES

It is known (by counting elements) that the group G' = SL(2,p) is of order p(p* — 1),

1 A
0 1

follows, by Higman’s criterion theorem(0.3.7), that F'SL(2,p) is of finite representation
type. In fact, SL(2,p) is the only finite group of Lie type with this property [11]. Then in
this section, we describe the complete set of indecomposable F'SL(2, p)-modules as stated
in the paper of D. Craven [4], p.54.

and so has a (cyclic) Sylow p-subgroup of order p, namely U = { ( ) VA e Fp}. It

First, we introduce some important concepts for the indecomposable F'G-module.

DEFINITION 5.3.1. (/18], p.104). Let M be an indecomposable FG-module, and let
setve(M) ={V <G : M is a V-projective }; i.e. ve(M) ={V < G: My is a projective
indecomposable F'V -module}. Then the minimal elements (by order) in va(M) are called
the vertices of M.

DEFINITION 5.3.2. ([9], p.339). Let M be an indecomposable F'G-module with vertex
V, and let W be an indecomposable F'V -module. Then W is a source of M if M|W¢.
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REMARK. ([11], p.72). Let A = FG be a group algebra, let V be a p-subgroup of G, let
W be an indecomposable F'V-module, and let M be an indecomposable A-module, which
is a direct summand of a module induced from V to G; i.e. M|indSW. If V is minimal
subgroup, then V is vertex of M, while W s a source of M.

THEOREM 5.3.3. Let M be an indecomposable FG-module, and let U be a Sylow
p-subgroup of G. Then |U : vz (M)| divides dimM .

THEOREM 5.3.4. Let A = FSL(2,p) be a group algebra in characteristic p, where
p is all prime numbers. Then any non-projective indecomposable A-module and simple
A-module have vertexr Sylow p-subgroup U, and all projective indecomposable A-modules
Py, Py, ..., P, have vertex trivial subgroup I.

1 A
01
let V,, be a simple A-module, where n = {1,2,...,p — 1} and let M be a non-projective
indecomposable A-module. Since dimV,, = n for all n = {1,2,...,p — 1}, and p does not
divide dimM = z. Then from theorem(5.3.3), |U : vx(V},)| divides dimV,,; i.e.

Proof. First, let U = ( ) : VA € F, » be the Sylow p-subgroup, where |U| = p,

jvz(Va)]
divides n, so vz (V,) must be U.
Thus, the vertex of all simple A-modules is the Sylow p-subgroup U.
Similarly, from theorem (5.3.3), |U : vz(M)| divides dimM; i.e. % divides z,
vx

so vz (M) must be U.
Thus, The vertex of all non-projective indecomposable A-modules is the Sylow p-subgroup
U.

Second, let P; be projective indecomposable A-modules, where ¢ = {1,2,...,p}.
P; are a direct summand of A; i.e. P;|ind$ F, where [ is the trivial subgroup, then the
vertex of P; for all 7, are the trivial subgroup I. n

Of the most important concepts in an indecomposable A-module is almost split se-
quence. So, we introduce the definition as follows:

DEFINITION 5.3.5. (Auslander-Reiten) ([18], p.151). Let A be a finite dimension
algebra over a field F' of characteristic p. An almost split sequence is a short exact non-
split sequence of A-modules.

0-x5y L zo.

Also, it is called terminates in Z, in which X and Z are both indecomposable such that
there exists A-module homomorphism p : W — Z is not a split epimorphism.

The following theorem shows that, in group algebra F'G, if the characteristic p divides
the order of group G, then there is almost split sequence terminating.

THEOREM 5.3.6. (Auslander-Reiten) ([18], p.151). Let F' be a field of characteristic
p, and let G be a finite group, where p divides the order of G. If M 1is an indecomposable
FG-module, then there exists an almost split sequence terminating in M.

The following theorem shows that, there is a one-to-one correspondence between the
isomorphism classes of all non-projective indecomposable F'G-module and the isomor-
phism classes of all non-projective indecomposable F'Ng(U)-module.
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THEOREM 5.3.7. (The Green Correspondence) ([2], Section 11). There is a one-
to-one correspondence between isomorphism classes of indecomposable F'G-modules with
verter in € and isomorphism classes of indecomposable F'N-modules with vertex in &;
where N 1s normalizer of Sylow p-subgroup. If M and V' are such modules for G and N,
respectively, which correspond then M and V' have the same verter and

My 2V ay,

Ve Ma X.

Where Y is a projective FN-module and X is a projective F'G-module, then there exists
a bijection
M+—V.

We fix some notation;

Let U be a p-subgroup of G, and let N be a subgroup containing normalizer of Sylow
p-subgroup N = Ng(U) = {x € G : 2Ux"' = U} < G. If L and B are subgroups of G,
where (L C B).

We fiz some collections of p-subgroups of G.

N={sUs'NU:s€G, s¢ N},

S={sUs'NN:se€G,s¢ N},
e={B:BCUB¢RWn}

We know that the group algebra F'G has p simple F'G-modules Vy, Vs, ..., V,, where
V,, has dimension n; Vn = 1,2, ..., p. Also, we have the structure of the projective inde-
composable F'SL(2,p)-modules as stated in theorem (5.2.1):

Py Pil<n<p-1 P, 1;p>2

Va
Ve Vpoioa Vpt1-n Va
V

Vi Vi1

e

Vi n Vp—l ‘/p ~ Pp-

Now, we construct all non-simple, non-projective indecomposable modules
for group algebra F'SL(2,p) in characteristic p > 5 by using the projective in-
decomposable modules:

We cannot use the following theorem: Any indecomposable F'G-module is a homomor-
phic image of projective indecomposable F'G-module (theorem 0.3.11), because: U =

{ ((1) i) PVA € Fp} is not normal in G = SL(2,p), where the Sylow p-subgroup must
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be cyclic and normal in G as stated in ([2], p.42).

So, we use Green correspondence theorem (5.3.7) in which there is a one-to-one
correspondence between the isomorphism classes of all non-projective indecomposable
FG-module and the isomorphism classes of all non-projective indecomposable F Ng(U)-

module, where
-1
Ne(U) = { (IO 2) YA 2 € Fp}

is normalizer of the Sylow p-subgroup U of G. Then U is normal and cyclic Sylow p-
subgroup in Ng(U).

Hence, the Green Correspondence in theorem (5.3.7) shows that the number of in-
decomposable F'G-modules is equal to the number of indecomposable F'N¢g (U )-modules.
It turns out that there are p* — p + 1 isomorphism classes of indecomposable F.SL(2, p)-
modules: p — 1 of them is simple non-projective, one is simple projective, p — 1 projective
non-simple, and (p — 1)(p — 2) are non-simple non-projective indecomposable F'SL(2, p)-
modules.

We want to completely describe the indecomposable F'G-module, since U is normal
and cyclic Sylow p-subgroup in Ng(U), then this is very much like the case for cyclic
group as stated in ([2], p.35).

Thus, the non-simple, non-projective indecomposable F'G-modules are

Vi Vi-1-i Vot1-i

SN N

Vo—1—i Vit1-i and Vi

We can remove the socles of the two projectives, where they are different from each
other, and we take their direct sum and then quotient out by a diagonal.
This process certainly produces indecomposable module. But, if we take the direct sum of
two copies of projective is not indecomposable module, because it becomes split extension.

One can continue this process until one constructs an indecomposable module M
with all (non-projective) simple module, where this constructs all non-projective inde-
composable modules for F'SL(2,p), and the non-simple indecomposable subquotients of
the module M are one-to-one correspondence with connected subdiagrams of the diagram
with at least one edge.

We know that
Extpa(V;,V;) = Hompg(rad(P;),V;),

where P; is the projective cover of V; as stated in ([11], p.116). Then, from projective
indecomposable F'G-module P;; this gives dim Extrg(Vi,V,—2) = 1.

The projective indecomposable FFG-module P,_y; p > 2, this gives dim Extpg(V,-1,V2) =
1.

Also, the projective indecomposable FG-module P,; 1 < n < p — 1, this gives dim
EZL‘tpg(Vn, V;H—l—n) =1 & dim EZL‘tpg(Vn, ‘/p—l—n) =1.

So, we get the following proposition:
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PROPOSITION 5.3.8. ([11], p.117). Let FSL(2,p) be a group algebra in characteristic
p, where p is all prime numbers. Then Extpa(Vi,V;) # 0 (i.e. the short exact sequence is
non-split extension of V; by V; from definition (0.5.8)) for all simple FG-modules V;, V;

are given as follows:
1. If p=2, then dim Extpc(V1,Vi) = 1;

2. If p is odd, then dim Extpa(Vy, Vori—n) = 1 and dim Extpa(Vy, Vpe1-,) = 1 for
1 <n<p-—1, while Extpg(V1,Vy—2) and Extpa(V,—1,V2) are 1-dimension.

Then, we have:

PROPOSITION 5.3.9. ([4], p.56). Let FSL(2,p) be a group algebra in characteristic
p, where G = SL(2,p), and let M be an indecomposable F'G-module.

1. If M has one socle layer, then M 1is simple. There are p simple FG-modules.

2. If M has three socle layers, then M = P;;1 < i < p—1 are projective indecomposable
FG-module.

3. If M has two socle layers, then the socle of M consists of simple module of dimension
n,n+2,...,7(n < j), and the top consists of modules of dimension p—j+¢e,p —
j+e+2,...,p—n+9, where e,6 = £1. There are (p — 1)(p — 2) indecomposable
module.

EXAMPLE 5.3.10. Let F be a field of characteristic 5, and let SL(2,5) be a special lin-
ear group. Hence, the number of all indecomposable FSL(2,5)-modules are p*> —p+1 = 21;
p=5.

The simple FSL(2,5)-modules are Vi, V5, V3, Vy, and Vs = P5 is Steinberg module;

The projective indecomposable FSL(2,5)-modules have the following struc-
tures:

Py P Ps Py

Vi % Va

Vs ‘/2/2\‘/4 V1/ 3\‘/3 Va
NN

Y

& Vi

, and Vs = Ps.
The non-simple, non-projective indecomposable FSL(2,5)-modules are

Vi Vs Vs

Vs Vs Vi
Vi Vs & Vs Vi Vs

Y Y Y
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Va Vi Va
Va Vi Va

Vy Va
and V2 Vi .
From lemma (5.1.2), then the odd-dimensional simple modules V1, Vs, and Vs = Ps are
modules for PSL(2,5). Also, it contains indecomposable FPSL(2,5)-modules Py, P,
Vs Vs Vi Vi V3 Vs
Vi Vs Vs

Vs Vi Vs

Y ) Y

/3\/5

and

The even-dimensional simple modules Vo and Vy are faithful modules for SL(2,5).
Also, it contains indecomposable F'SL(2,5)-modules Py, Py,

Va Vi Va

Va Vi Va
Va Vi Va Va Va Vi

Y ) 9

Vi Vs
d V Vi

an
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Now, we find the vertices of indecomposable F'SL(2,5)-modules; the Sylow 5-subgroup
is U= ((1) i\) : VX € F5 p, where |U| = 5.

The vertex of Vi, Vo, Vs and Vy is Sylow 5-subgroup U, also the vertex of non-simple, non-
projective indecomposable F'SL(2,5)-modules is U from theorem (5.3.4).

The vertex of each projective indecomposable F'SL(2,5)-modules Py, Py, Py, Py, and Ps is
the trivial subgroup I from theorem (5.3.4).

5.4 BLOCK THEORY OF FSL(2,p)-MODULES

In this section, in [2, 9], we find that the group algebra A = F'SL(2,p) in characteristic
odd prime number p has three blocks by using Brauer Correspondent.

DEFINITION 5.4.1. (/2], p.102). Let U be a p-subgroup of G, and let Ng(U) be
normalizer of G. Then there is a one-to-one correspondence between the blocks of Ng(U)
with defect group U and the blocks of G with defect group U given by letting the block b of
Ng(U) correspond with the block b of G. Thus, the one-to-one correspondence is called
Brauer correspondent.

The following theorem shows that, The group algebra F'SL(2,p) in characteristic odd
prime number p has blocks By, By, and Bs.

THEOREM 5.4.2. ([9], p.469). Let F be a field of characteristic odd prime number
p, and let G = SL(2,p) be a special linear group. Then the group algebra F'G has three
blocks By, By, and Bs, where By contains all odd-dimensional simple F'G-modules except
the Steinberg module V,; By contains all even-dimensional simple FG-modules, and the
block of defect zero By contains the Steinberg module V,,, where By and By are defect 1.

Proof. We know that

—1
Ne(U) = { (5”0 2) VAEF, A EFP}.

The group algebra F'Ng(U) has no blocks of defect zero; then from Brauer correspondent,
the blocks of F'Ng(U) with defect group U are one-to-one correspondent with the blocks
of FG with defect group U; where U is defect 1.

Since all odd-dimensional simple modules are modules for projective linear group PSL(2, p),
and the even-dimensional simple modules are faithful module for SL(2,p) from lemma
(5.1.2), then F'Ng(U) has two blocks of defect 1, hence F'G has two blocks of defect 1.
Let By, By be blocks of defect 1.

From theorem (1.2.4), Let X, Y be two simple A-modules. Then X, Y lie in the
same block (i.e. X N Y') if and only if there is a sequence from projective indecomposable

modules P; = Py, P,, ..., P, = Py corresponding the simple A-modules such that

(Pi, Pi-l—l)A 7é 0 or (Pz'+1, Pi)A 7é 0.
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Claim that V;, Vi € By, Vi,1' are odd numbers.
For example at p = 5; let V3, Vi be corresponding the projective indecomposable A-

modules P3, P; respectively. Then there is A-module homomorphism between P; & Pi;
i.e. (P3,P1)s # 0 as follows:

Vs Vi Vs

N

Vi V3—>V3—>V},—>V3—>V1—>V1—>P1.

P3—>

Thus, V3 T V1.

Now, let V;, Vi1, Vin be odd-dimensional simple A-modules, where 7,14",7" are odd num-
bers, and let

Py P:l<i<p—1

Vi
Vo1-i Vori—i
Vi

be two projective indecomposable A-modules. Then V; ~ V1, because the projective covers

Vi

Vyos

Vi

)

Py, P; of Vi, V; respectively are connected by a series of A-module homomorphisms as
follows:

Vi Vp—2

PN

Vit1-i

Voo

P, — —>VZ-—>V’”_2—>V1—> Vi — P

Also, V; ~ Vi, because the projective covers P;, Py of V;, Vi respectively are connected

by a series of A-module homomorphisms as follows:

/////// VE\\\\\\\ Vi Vi
p o Vpiei Voriei Ly Vi Vi Vin
Vi Vi
Vo — Vi — Py.

Hence, (P;, Py)p # 0 or (Py, P))p # 0 for all i,4" are odd numbers; so V; N V.
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Since the prime number p is odd number, then we must exclude the Steinberg mod-
ule V, = P,; i.e. V,, does not belong to By, because there is no A-module homomorphism
between P, and P; for all odd numbers i; i.e. (B, P)a =0 and (B}, P,)s = 0.

Thus, B; contains all odd-dimensional simple modules, and projective mod-
ules, also non-simple, non-projective, indecomposable F'PSL(2, p)-modules ex-
cept the Steinberg module V.

Claim that V;, V€ By, Vj, 7' are even numbers.
For example at p = 5; let V5, V; be two simple A-modules corresponding the projective
indecomposable A-modules P, P, respectively. Then there is A-module homomorphism

between Py, Py;i.e. (Pa, Py)p # 0 as follows:

Va Vi Va

N

P2—>V V4—>V2—>V2—>V2—>V4%V4—>P4.

Thus, V5 ~ V4

Now, let V;, Vj, Vju be even-dimensional simple A-modules, where j, j', 7" are even
numbers, and let

P,_1;p>2 Pi;l<j<p-—1
Vo / \
Vo p-l-lj

\/

be two projective indecomposable A-modules. Then V; ~ Vp—1, because the projective

Vi

Y

covers P;, P, of V;, V,_; respectively are connected by a series of A-module homomor-
phisms as follows:

Vi Vp-1 Va

SN

P — Vi1 Vori—s Vi 2 Ly Vo-r P, .

Also, V; ~ Vj, because the projective covers P;, P of V}, Vj respectively are connected

by a series of A-module homomorphisms as follows:
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/\

V,
Pj—> ”+1J—>V—> N

Vj\ /Vy

Vi — Vi — Pj.

Hence, (P, Pp)a # 0 or (Pj, Pj)a # 0 for all j, 5 are even numbers; so V T Vi.

Thus, By contains all simple modules that they have even-dimensional, and
projective modules, also non-simple, non-projective, indecomposable F'SL(2, p)-
modules, where the even-dimensional are faithful simple module for F'SL(2, p)-
module.

Also, A has the block of defect zero contains the Steinberg module; i.e.
={V, = F}.
O]

EXAMPLE 5.4.3. From example(5.3.10); there are three blocks of FSL(2,5) as
follows:

The block B; contains

N
NN N
LN

, , , and

The block 32 contains

Vi

/\VQ
\/

Va Vy Va
Vs Vi Va

29

Va, Vi, Vi



Va Vi Va

Vi v,
i Voo Vi v, Vi

Y Y ) an

The block Bs contains the Steinberg module B; = {V5 = Ps}.

5.5 THE PSEUDOBLOCKS OF FSL(2,p)

Here, we determine the pseudoblocks of the group algebra A = F'SL(2,p) in characteristic
prime p, and then compare the two notions “blocks” and “pseudoblocks” in group algebra

A.

THEOREM 5.5.1. [1]. Let F be a field of characteristic p, and let G = SL(2,p) be a
special linear group, where p is odd prime number. Then the group algebra A = F'G has
three pseudoblocks. Moreover, for the group algebra A in characteristic prime p, the block
and pseudoblock notions coincide.

Proof. From theorem (5.4.2), there exist three blocks of A in characteristic odd prime
number p, which are By, By, and Bs.

First: The block Bs (which contains the Steinberg module V), = P,) is clearly pseu-
doblock.

Second: Since B; contains all simple modules, projective modules, and indecompos-
able F(PSL(2,p))-modules except the Steinberg module V); i.e. By contains all odd-
dimensional simple A-modules except V.

Let P,,, P; be projective indecomposable A-modules, let V,,,, V; be simple A-modules;
for all m,7 € {1,3,...,p—2}, and let M; be non-simple, non-projective, indecomposable
A-modules, where M, has two socle layers; ¢* = {1,2,...,r}; in which P, V,,,, P;, V; and
M in By for all m,,4". Let

Vi Vin
Vo1 Vo1 Vo-1-m Vot1-m
P= v P = Yo ,
Vi Voti1—i
/ \
M, = Vo I VA (A
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M; =

M5_

p+1 m p+1 m

\/ N /\/
/\ “\/

1—
p +1—m M6

Then, we have six cases as follows:

1. Let V;,V,, be any two simple A-modules. Hence,

Vi — My —V,,.

Then, all odd-dimensional simple A-modules are connected either ways by a sequence
of A-module homomorphisms.

. Let V;,V,, be simple A-modules, and let P;, P,, be projective indecomposable A-

modules. Hence,
P,— M, =V, and V,, —» M3 — P,,.

Then, all odd-dimensional simple A-modules and all projective indecomposable A-
modules are connected either ways by a sequence of A-module homomorphisms.

. Let My;it = {1,2,3,5} be any non-simple, non-projective, indecomposable A-

modules, and let V;, V;, be any two simple A-modules. Hence,

M, =V, My—V,, M;— P, — M;—V,,.

Then, all odd-dimensional simple A-modules and all non-simple, non-projective,
indecomposable A-modules M;;i' = {1,2,...,r} are connected either ways by a
sequence of A-module homomorphisms.

. Let P;, P, be any two projective indecomposable A-modules. Hence,

P— My — Vi = My = Vs — Mz — Py,

Then, all projective indecomposable A-modules P,,,¥m = {1,3,...,p— 2} are con-
nected either ways by a sequence of A-module homomorphisms.

. Let P;, P,, be any two projective indecomposable A-modules, and let My, M3, Ms, Mg

be non-simple, non-projective,indecomposable A-modules. Hence,
P, — M, & P, — M5.

Also,
Mg — P, & My — P,.

Then, all projective indecomposable A-modules P,,,¥m = {1,3,...,p — 2} and all

non-simple, non-projective, indecomposable A-modules M;;i' = {1,2,...,r} are
connected either ways by a sequence of A-module homomorphisms.
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6. Let My, My, M3, My, M5, Mg be any non-simple, non-projective, indecomposable A-
modules. Hence,
Me — P; — M,

My — Vi = My,
M3—>Pm—>M57

and
M4 — Mg.

Then, all non-simple, non-projective, indecomposable A-modules are connected ei-
ther ways by a sequence of A-module homomorphisms.

The previous six cases are enough without loss of generality. So, all indecomposable A-
modules in B; are connected either ways by a sequence of A-module homomorphisms as
follows:

P, — My =V, — ...« M)« V,, « M\ < Pp;

for all i,m € {1,3,5,...,p—2} and &' = {1,2,...,r}.
i.e. from definition (1.1.1), VX,Y € Bjy; there is a sequence of indecomposable modules
X =X, Xy,..., Xy =Y in By such that for all n € {1,2,...,t} either

(Xn7 Xn+1)A # 0 or (Xn+17 Xn)A 3& 0.

Thus, The block B; does not split into union of pseudoblocks. So, B; is one
pseudoblock.

Third: Similarly, since the block B, contains all even-dimensional simple A-modules.
Let P., P; be projective indecomposable A-modules, let V¢, V; be simple A-modules; for
all j,e € {2,4,...,p — 1}, and let N; be non-simple, non-projective, indecomposable
A-modules, where N; has two socle layers; 7' = {1,2,...,r}; in which P,, P;, V., V;, and
Nj, in B, for all e, j, j‘ Let

/\ /\

Vo1 Vo1 Viti-e
P = Y P= ,
Vj Vit+1-;
/ \
N, = Vpied [ B A
p+1 e p+1 e
N3 = , Ny = ;
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N

V. Vot1-j Vi-1-;

N N

‘/;)—l—e ‘/p—ﬁ-l—e Nﬁ _ V]

Then, we have six cases as follows:

1. Let V}, V. be any two simple A-modules. Hence,

‘/j—>N2—>Vve.

Then, all even-dimensional simple A-modules are connected either ways by a se-
quence of A-module homomorphisms.

. Let V}, V. be simple A-modules, and let P;, P. be projective indecomposable A-

modules. Hence,
P; — Ny — V;and V. = N3 — F..

Then, all even-dimensional simple A-modules and all projective indecomposable A-
modules are connected either ways by a sequence of A-module homomorphisms.

. Let Nj;5' = {1,2,3,5} be any non-simple, non-projective, indecomposable A-

modules, and let Vj, V, be any two simple A-modules. Hence,

Ny —=V;, Ny—=V.,, N3—= P — Ns— V..

Then, all even-dimensional simple A-modules and all non-simple, non-projective,
indecomposable A-modules N;; 7' = {1,2,...,7} are connected either ways by a
sequence of A-module homomorphisms.

. Let P;, P, be any two projective indecomposable A-modules. Hence,

P; = Ny —V; = Ny — Vpp1—j — N3 — P.

Then, all projective indecomposable A-modules P.,Ve = {2,4,...,p — 1} are con-
nected either ways by a sequence of A-module homomorphisms.

. Let P;, P. be any two projective indecomposable A-modules, and let Ny, N3, N5, Ng

be non-simple, non-projective,indecomposable A-modules. Hence,
.Pj — N & P, — N;.

Also,
N¢ = P; & N3 — P..

Then, all projective indecomposable A-modules P.;Ve = {2,4,...,p — 1} and all
non-simple, non-projective, indecomposable A-modules Nj;j' = {1,2,...,r} are
connected either ways by a sequence of A-module homomorphisms.

. Let Ny, Ny, N3, N4, N5, Ng be any non-simple, non-projective, indecomposable A-

modules. Hence,
N6 — Pj — Nl,

N1—>‘/j—>N2,
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N3 — P, — Ns,

and
Ny — Ng.

Then, all non-simple, non-projective, indecomposable A-modules are connected ei-
ther ways by a sequence of A-module homomorphisms.

The previous six cases are enough without loss of generality. So, all indecomposable A-
modules in B, are connected either ways by a sequence of A-module homomorphisms as
follows:

P; = Np = Vj = ... ¢ Nj = Ve <= Nj = P

for all j,e € {2,4,...,p—1} and j' ={1,2,...,r}.
i.e. from definition (1.1.1), VX", Y" € Bs; there is a sequence of indecomposable modules
X'=X},X3,...,X] =Y"in By such that for all n € {1,2,...,t} either

(X, X;L-'rl)A #0 or (X;L+17X;L)A # 0.

Thus, The block By does not split into union of pseudoblocks. So, B; is one
pseudoblock.

Then, there are three blocks of A and three pseudoblocks of A in characteristic odd
prime p.

Thus, For group algebra F'G in characteristic odd prime number p the two notions blocks
and pseudoblocks coincide.
O

EXAMPLE 5.5.2.

In group algebra FSL(2,p) at p = 2; the representations of SL(2,2) = S5 in charac-
teristic 2; there exist two blocks and two pseudoblocks.

Thus, for FSL(2,2) in characteristic 2 the two notions blocks and pseudoblocks coincide;
as stated in section (4.3).

In group algebra FSL(2,p) at p = 3; let F' be a field of characteristic 3, and let
SL(2,3) be a special linear group. Hence, the number of all indecomposable FSL(2,3)-
modules are p* —p+1=1.

The simple F'SL(2,3)-modules are Vi, Vy, and V3 = Py (Steinberg module). The projective
indecomposable F'SL(2,3)-modules have the following structures:

IS &
i W
i W
i W
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The non-simple, non-projective indecomposable F'SL(2,3)-modules are

Vi Va

ig V2

Hence, there are three blocks of F'SL(2,3) as follows:

Vi Va

By = {VI,PI, h } By = {%,P2, Yo } and By = {V; = Py},
Then, there are three pseudoblocks as follows:

The first pseudoblock is:

%
Vi Vi
Vi— Vi — Vl.
The second pseudoblock is:
Va
Va Va
Vo — V2 — VZ.

And the third pseudoblock contains the Steinberg module (V3 = Ps). Hence, the blocks
and pseudoblocks coincide for the group algebra FSL(2,3) in characteristic 3.

Now; we find the vertices of indecomposable F'SL(2,3)-modules; the Sylow 3-subgroup

0 1

Then, the vertex of Vi,Vy is Sylow 3-subgroup U, and the vertexr of non-simple, non-
projective indecomposable F'SL(2,3)-modules is U from theorem (5.3.4).

Also, the vertex of each projective indecomposable F.SL(2,3)-modules Py, Py, and Pj is
the trivial subgroup I from theorem (5.3.4).

s U= (1 )\):V)\EIF;; , where |U| = 3.

65



In group algebra FSL(2,p) at p=>5. From exzample (5.4.3), there are three pseu-

doblocks as follows: The first pseudoblock is:

& Vi & Vs

Vs
Vi Vi

Vé—>v3—>vg—>%—>\/1—>vl—>

The second pseudoblock is:
Vi Va Vi Va
v, Vi v,
Vi
Va Vi Vi Vi

Va
Va Vi

V4—>V2—>V2%V2%V21—>V4—>

The third pseudoblock contains the Steinberg module (Vs = Ps).

Thus, there are three blocks of F.SL(2,5), and there are three pseudoblocks of FSL(2,5).
Hence, the blocks and pseudoblocks coincide for the group algebra FSL(2,5) in character-
1stic .

PROPOSITION 5.5.3. For the group algebra A = FSL(2,p) in characteristic prime
p, the block and pseudoblock notions coincide; i.e.

IndA/ S0= IndA/ R
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